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As one step in the classification of finite simple groups, Ron Solomon [22] consid- 
ered the problem of classifying all finite simple groups whose Sylow 2-subgroups 
are isomorphic to those of the Conway group C03. The end result of his paper 
was that C03 is the only such group. In the process of proving this, he needed 
to consider groups G in which all involutions are conjugate, and such that for 
any involution x £ G, there are subgroups K <\ H <\ Cg{x) such that K and 
Cg{x)/H have odd order and H/K = Spin7(g) for some odd prime power q. 
Solomon showed that such a group G does not exist. The proof of this state- 
ment was also interesting, in the sense that the 2-local structure of the group 
in question appeared to be internally consistent, and it was only by analyzing 
its interaction with the p-local structure (where p is the prime of which g is a 
power) that he found a contradiction. 

In a later paper [3], Dave Benson, inspired by Solomon's work, constructed cer- 
tain spaces which can be thought of as the 2-completed classifying spaces which 
the groups studied by Solomon would have if they existed. He started with the 
spaces BDI{A) constructed by Dwyer and Wilkerson having the property that 

/f*(SL>/(4);F2)=F2[xi,X2,X3,X4]^^^(') 

(the rank four Dickson algebra at the prime 2). Benson then considered, for 

each odd prime power g, the homotopy fixed point set of the Z-action on 
BDI{4) generated by an "Adams operation" ip^ constructed by Dwyer and 
Wilkerson. This homotopy fixed point set is denoted here BDIj^[q). 

In this paper, we construct a family of 2-local finite groups, in the sense of [6], 
which have the 2-local structure considered by Solomon, and whose classifying 
spaces are homotopy equivalent to Benson's spaces BDIi^{q). The results of [6] 
combined with those here allow us to make much more precise the statement 
that these spaces have many of the properties which the 2-completed classifying 
spaces of the groups studied by Solomon would have had if they existed. To 
explain what this means, we first recall some definitions. 

A fusion system over a finite p-group 5 is a category whose objects are the 
subgroups of S, and whose morphisms are monomorphisms of groups which 
include all those induced by conjugation by elements of S*. A fusion system is 
saturated if it satisfies certain axioms formulated by Puig [19], and also listed in 
[6, Definition 1.2] as well as at the beginning of Section 1 in this paper. In par- 
ticular, for any finite group G and any S G Sylp(G), the category Ts{G) whose 
objects are the subgroups of S and whose morphisms are those monomorphisms 
between subgroups induced by conjugation in G is a saturated fusion system 
over S. 
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If ^ is a saturated fusion system over S, then a subgroup P < S is called 
T-centric if Cs{P') = Z[P') for all P' isomorphic to P in the category T . A 
centric linking system associated to JT consists of a category C whose objects 

are the JT-centric subgroups of S , together with a functor C ^ which is 

the inclusion on objects, is surjective on all morphism sets and which satisfies 
certain additional axioms (see [6, Definition 1.7]). These axioms suffice to ensure 
that the p-completed nerve \C\p has all of the properties needed to regard it as 
a "classifying space" of the fusion system JT. A p -local finite group consists of 
a triple (5, C) , where S \s a, finite p-group, ^ is a saturated fusion system 
over S", and £ is a linking system associated to JF. The classifying space of 
a p-local finite group {S,T,C) is the p-completed nerve \C\p (which is p- 
complete since \C\ is always p-good [6, Proposition 1.12]). For example, if G 
is a finite group and S G Sylp(G), then there is an explicitly defined centric 
linking system Cg{G) associated to J^s{G), and the classifying space of the 
triple iS,Ts{G),CsiG)) is the space \CsiG)\p ^ BG^ . 

Exotic examples of p-local finite groups for odd primes p — ie, examples which 
do not represent actual groups — have already been constructed in [6] , but using 
ad hoc methods which seemed to work only at odd primes. 

In this paper, we first construct a fusion system ^Soi(<z) (for any odd prime 
power q) over a 2-Sylow subgroup S of Spiny (g), with the properties that 
all elements of order 2 in S" are conjugate (ie, the subgroups they gener- 
ated are all isomorphic in the category), and the "centralizer fusion system" 
(see the beginning of Section 1) of each such element is isomorphic to the fu- 
sion system of Spiny (g). We then show that J-'soi{q) is saturated, and has a 
unique associated linking system C^^^{q) . Wc thus obtain a 2-local finite group 
(S*, J^SoK?)) ^Soi('^)) where by Solomon's theorem [22] (as explained in more de- 
tail in Proposition 3.4), Tso\{q) is not the fusion system of any finite group. 

Let BSol(g) =^ |'Csoi('i')l2 denote the classifying space of (S", jrsoi(g), /^goi(g)) . 
Thus, SSol((/) does not have the homotopy type of BG2 for any finite group 
G, but does have many of the nice properties of the 2— completed classifying 
space of a finite group (as described in [6]). 

Relating BSo\{q) to BDI/i[q) requires taking the "union" of the categories 
£g(jj((7") for all ra > 1. This however is complicated by the fact that an inclusion 
of fields Fpm C F^n (ie, m\n) does not induce an inclusion of cenric linking 
systems. Hence we have to replace the centric linking systems >CgQ[((j'"') by 
the full subcategories £g^[(Q'"') whose objects are those 2-subgroups which are 
centric in ^a,o[{(f^') = Un>i -^301(9") ' show that the inclusion induces a 
homotopy equivalence BSo\!{q"') '= |£soi('i'")l2 — -BSol(g"). Inclusions of fields 
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do induce inclusions of these categories, so we can then define JO-g^^iQ^") = 
Un>i^Soi(«")' and spaces 

5Sol(g~) = ICWini^ ^ (U ^Sol'(g"))^ 

n>l 

The category jO-g^^{q°°) has an "Adams map" induced by the Probenius au- 
tomorphism a; I— J- of Fg . Wc then show that BSol(q^) ^ DDI (4) , the space 
of Dwyer and Wilkerson mentioned above; and also that DSo\{q) is equivalent 
to the homotopy fixed point set of the Z-action on BSol{q°°) generated by 
Bijj'^. The space BSol{q) is thus equivalent to Benson's spaces BDl4{q) for 
any odd prime power q . 

The paper is organized as follows. Two propositions used for constructing sat- 
urated ftision systems, one very general and one more specialized, are proven 
in Section 1. These are then applied in Section 2 to construct the fusion sys- 
tems ^soK^)) and to prove that they are saturated. In Section 3 we prove the 
existence and uniqueness of a centric linking systems associated to J-'soi{(l) and 
study their automorphisms. Also in Section 3 is the proof that J^Soiil) is not 
the fusion system of any finite group. The connections with the space BDI{A) 
of Dwyer and Wilkerson is shown in Section 4. Some background material on 
the spinor groups Spin(y, b) over fields of characteristic 7^ 2 is collected in an 
appendix. 

We would like to thank Dave Benson, Ron Solomon, and Carles Broto for their 
help while working on this paper. 

1 Constructing saturated fusion systems 

In this section, we first prove a general result which is useful for constructing 
saturated fusion systems. This is then followed by a more technical result, 
which is designed to handle the specific construction in Section 2. 

We first recall some definitions from [6]. A fusion system over a p— group S is 
a category J- whose objects are the subgroups of T , such that 

Hom5(P,Q) C Mor^(P,g) C Inj(P,g) 

for all P, Q < S, and such that each morphism in J- factors as the compos- 
ite of an JF -isomorphism followed by an inclusion. We write Homjr(P, Q) = 
MorjF(P, Q) to emphasize that the morphisms are all homomorphisms of groups. 
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We say that two subgroups P,Q < S are -conjugate if they are isomor- 
phic in A subgroup P < S* is fully centralized (fully normalized) in if 
\Cs{P)\ > \Cs{P')\ {Ws{P)\ > WsiP')\) for all P' <S which is J^-conjugate 
to P. A saturated fusion system is a fusion system over S which satisfies 
the following two additional conditions: 

(I) For each fully normalized subgroup P < S, P is fully centralized and 
Aut5(P)eSylp(Aut^(P)). 

(II) For each P < S and each (p G Hom^(P, S) such that (p{P) is fully cen- 
tralized in JT, if we set 

N<p = {9e NsiP) I ifiCgip-^ e Ants{<p{P))}, 

then if extends to a homomorphism ip G }lom.j:-{Nip, S) . 

For example, if G is a finite group and S G Sylp(G), then the category Ts{G) 
whose objects are the subgroups of S and whose morphisms are the homomor- 

phisms induced by conjugation in G is a saturated fusion system over S . A sub- 
group P < 5 is fully centrahzed in J'siG) if and only if Cs{P) G Sylp(GG(P)) , 
and P is fully normalized in Ts{G) if and only if Ns{P) G Sy\p{NG{P)). 

For any fusion system T over a p-group S, and any subgroup P < S, the 
"centralizer fusion system" Cj^{P) over Cs{P) is defined by setting 

Homc^(P)(Q,Q') = {(^Iq) I if G Hom^(PQ, PQ'), ^{Q) < Q', 'P\p = Up} 

for all Q,Q' < Cs{P) (see [6, Definition A.3] or [19] for more detail). We also 

write Cjr(g) = Cjr([g)) for g ^ S . If is a saturated fusion system and P 
is fully centralized in , then Cj^{P) is saturated by [6, Proposition A. 6] (or 
[19]). 

Proposition 1.1 Let T he any fusion system over a p -group S . Then T is 
saturated if and only if there is a set X of elements of order p in S such that 
the following conditions hold: 

(a) Each x € S of order p is -conjugate to some clement of X. 

(b) If X and y are T -conjugate and y G 3£, then there is some morphism 

G }iomjr[Cs{x),Csiy)) such that tp{x) = y. 

(c) For each x € X, Cjr(x) is a saturated fusion system over Cs{x). 

Proof Throughout the proof, conditions (I) and (II) always refer to the con- 
ditions in the definition of a saturated fusion system, as stated above or in [6, 
Definition 1.2]. 

Geometry & Topology, Volume 6 (2002) 



922 



Ran Levi and Bob Oliver 



Assume first that is saturated, and let X be the set of all x G S of order p 
such that (x) is fully centralized. Then condition (a) holds by definition, (b) 
follows from condition (II), and (c) holds by [6, Proposition A. 6] or [19]. 

Assume conversely that X is chosen such that conditions (a-c) hold for J^. 
Define 

U = {{P,x) \P <S, \x\=p, xe Z{Pf, some T e Sylp(Aut^(P)) , T > Auts(P)}, 

where Z{P)'^ is the subgroup of elements of Z{P) fixed by the action of T. 
Let Uq C U he the set of pairs {P,x) such that x G X. For each 1 P < S , 
there is some x such that (P, x) eU (since every action of a p-group on Z{P) 
has nontrivial fixed set); but x need not be unique. 

We first check that 

{P,x) G Uo, P fully centralized in Cj^{x) =^ P fully centralized in JT. (1) 

Assume otherwise: that {P,x) G Uq and P is fully centralized in Cj^{x), but 
P is not fully centralized in T. Let P' < S and (p G Iso;r(P, P') be such 
that \Cs{P)\ < \Cs{P')\. Set x' = ip{x) < Z{P'). By (b), there exists i) G 
Yiomjr{Cs{x'),Cs{x)) such that il){x') = x. Set P" = ip{P'). Then ^p o ip G 
Isoc^(3;) (P, P") , and in particular P" is C^(a;) -conjugate to P. Also, since 
Cs{P') < Cs{x'), sends Cs{P') injectively into Cs(P"), and \Cs{P)\ < 
\Cs{P')\ < \Cs{P")\- Since Cs{P) = Ccs(.){P) and Cs{P") = Cc,(,,){P"), 
this contradicts the original assumption that P is fully centralized in Cj^{x). 

By definition, for each (P, x) G U ^ Ns{P) < Cs{x) and hence Antcg(x){P) = 
Aut5(P). By assumption, there is T G Sylp(AutjF(P)) such that t{x) = x for 
all T eT; ie, such that T < Autcj,(x){P) ■ lu particular, it follows that 

V{P,x) G U : Auts(P) e Sylp(Aut^(P)) ^ Autc,(x)(P) G Sylp(Autc^(,)(P)). 

(2) 

We are now ready to prove condition (I) for JF; namely, to show for each 
P < S fully normalized in T that P is fully centralized and Aut5(P) G 
Sylp(Aut^(P)). By definition, \Ns{P)\ > |iVs(P')| for all P' JF-conjugate 
to P. Choose x G Z{P) such that (P,x) G U; and let T G Sylp(Aut:p-(P)) be 
such that T > Aut5(P) and x G Z{P)'^. By (a) and (b), there is an element 
y G X and a homomorphism tJj G }lomjr(^Cs{x),Cs{y)) such that iplx) = y. 
Set P' = ipP, and set T' = ^jT^j-^ g Sylp(Aut^(T')) . Since T > Auts(P) by 
definition of U, and iIj{Ns{P)) = Ns{P') by the maximality assumption, we 
see that T' > Auts(P')- Also, y G Z{P')'^' (T'y = y since Tx = x), and this 
shows that {P',y) G Uq. The maximality of |A^5(P')| = \N^^(^y-^{P')\ implies 
that P' is fully normalized in Cj^{y) . Hence by condition (I) for the saturated 
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fusion system Cjr{y)^ together with (1) and (2), P fully centralized in T and 
Aut5(P)GSylp(Aut^(P)). 

It remains to prove condition (II) for . Fix 1 ^ P < S and G HomjF(-P, S) 
such that P' =^ ipP is fully centralized in and set 

N^ = {g^ Ns{P) I 'pcgip-^ G Auts(P')}. 

We must show that (p extends to some ^ G Homjr(A^<^, 5) . Choose some x' G 
Z{P') of order p which is fixed under the action of Aut5(P'), and set x = 
ip'^ix') G Z{P). For all g e N^, (pcg(p~^ G Aut5(P') fixes x' , and hence 
Cg{x) = X. Thus 

X G ^(iV,^) and hence < Csix); and Ar5(P') < Cs{x'). (3) 
Fix y E X which is ^-conjugate to x and x' , and choose 

^ G Hom^((:75(x), C5(y)) and V' G Hom^(C5(x'), Cs(y)) 

such that ^{x) = ^p'{x') =y. Set Q = V(P) and Q' = V'(P')- Since P' is fully 
centralized in JT, ^''(P') = Q' , and Cs(P') < Cs(x'), we have 

^'{Ccsi.'){P')) = ^'iCsiP')) = Cs{Q') = Ccs(y)iQ')- (4) 

Set r = ■ip'(pip~^ G Isojr((5, Q') • -^y construction, r(y) = y, and thus r G 
lsoQy-(^y^{Q,Q') . Since P' is fully centralized in J^, (4) implies that Q' is 
fully centralized in Cjr{y). Hence condition (II), when applied to the satu- 
rated fusion system Cj^{y), shows that r extends to a homomorphism f G 
^omcy,(y)iNr,Cs{y)) , where 

Nr = {ge Nc,{y){Q) I TCgT-^ G Autc;s(^)(Q')}- 
Also, for all g e < Cs{x) (see (3)), 

'^rmg)) = Tc^ig)T'^ = {T"4>)Cg{Ti^)~^ = (V'V)cg(V'V)"^ = c^' {h) G knics{y){Q') 

for some h G Ns{P') such that pcgip~^ = c/j. This shows that tp{Nip) < iV,-; 
and also (since Cs((5') = tp'{Cs{P')) by (4)) that 

r(V(iV^))<V''(^Cs(x')(^'))- 

We can now define 

^ = (V'')"' ° e Hom^(Ar^, 5), 

and ip\p = p>. □ 
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Proposition 1.1 will also be applied in a separate paper of Carles Broto and 
Jesper M0ller [7] to give a construction of some "exotic" p-local finite groups 
at certain odd primes. 

Our goal now is to construct certain saturated fusion systems, by starting with 
the fusion system of Spiny((/) for some odd prime power q, and then adding to 
that the automorphisms of some subgroup of Spin7(q) . This is a special case of 
the general problem of studying fusion systems generated by fusion subsystems, 
and then showing that they are saturated. We first fix some notation. If J^i and 
J^2 are two fusion systems over the same p-group S , then (^1,^2) denotes the 
fusion system over S generated by !Fi and ^2 : the smallest fusion system over 
S which contains both J^i and J-2 ■ More generally, if is a fusion system over 
S, and J^Q is a fusion system over a subgroup Sq < S , then {J^;J^q) denotes 
the fusion system over S generated by the morphisms in between subgroups 
of S, together with morphisms in J^q between subgroups of Sq only. In other 
words, a morphism in {J^;J^q) is a composite 

P0^Pl^P2 > .p,_,^p,, 



where for each i, either ipi G HomjF(Pj_i, Pj) , or ipi G IIomjro(Pi-i, Pj) (and 
Pi-i,Pi < -S'o)- 

As usual, when G is a finite group and S G Sylj,(G), then J^s{G) denotes 
the fusion system of G over S . If F < Aut(G) is a group of automorphisms 
which contains Inn(G) , then .^^(r) will denote the fusion system over S whose 
morphisms consist of all restrictions of automorphisms in F to monomorphisms 
between subgroups of S . 

The next proposition provides some fairly specialized conditions which imply 
that the fusion system generated by the fusion system of a group G together 
with certain automorphisms of a subgroup of G is saturated. 



Proposition 1.2 Fix a finite group G, a prime p dividing \G\, and a Sylow 
p subgroup S G Sylp(G). Fix a normal subgroup Z <] G of order p, an ele- 
mentary abelian subgroup U <\ S of rank two containing Z such that Cs{U) G 
Sylp{CG{U)) , and a subgroup F < Aut{CG{U)) containing lnn{CG{U)) such 
that -f{U) = [/ for a7i 7 G F. Set 

So = Cs{U) and {:Fs{G)-J^So (r)), 

and assume the following hold. 

(a) All subgroups of order p in S different from Z are G-conjugate. 
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(b) r permutes transitively the subgroups of order p in U . 

(c) {ipeT\^{Z) = Z} = Aut^^^u){CGm. 

(d) For each E < S which is elementary abelian of rank three, contains U , 
and is fully centralized in J^s{G), 

{a e Ant:p{Cs{E)) \ a{Z) = Z} = AutG{Cs{E)). 

(e) For all E,E' < S which are elementary abelian of rank three and contain 
U , if E and E' are T -conjugate, then they are G -conjugate. 

Then T is a saturated fusion system over S . Also, for any P < S such that 
Z <P, 

e Hom^(P, S) I ip{Z) = Z} = HomG(P, S). (1) 

Proposition 1.2 follows from the following three lemmas. Throughout the proofs 
of these lemmas, references to points (a-e) mean to those points in the hypothe- 
ses of the proposition, unless otherwise stated. 

Lemma 1.3 Under the hypotheses of Proposition 1.2, for any P < S and any 
central subgroup Z' < Z{P) of order p, 

Zj^Z'<U =^ 3ipe Homr(P, Sq) such that ip{Z') = Z (1) 

and 

Z' ^ 3^ e HomG(P, So) such that < U. (2) 

Proof Note first that Z < Z[S) , since it is a normal subgroup of order p in a 
p-group. 

Assume Z ^ Z' <U . Then U = ZZ', and 

P < Cs{Z') = Cs{ZZ') = Cs{U) = So 

since Z' < Z{P) by assumption. By (b), there is q G F such that Oi{Z') = Z . 
Since G Sylp(CG(t/)) , there is ^ G Cg{U) such that h-a{P)-h~^ < So; and 
since 

CheAnt^^^u){CG{U))<r 
by (c), =^ c/j o a G Homr(P, -So) and sends Z' to Z . 

If Z' ^U, then by (a), there is g e G such that gZ'g~^ <U\Z. Since Z is 
central in S , gZ'g~^ is central in gPg~^ , and U is generated by Z and gZ'g~^ , 
it follows that gPg-^ < Cg{U). Since So G Sylp{CG{U)), there is h e Cg{U) 
such that h{gPg^^)h~^ < Sq; and we can take ij^ = Chg G HomG(P, So)- □ 
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We are now ready to prove point (1) in Proposition 1.2. 
Lemma 1.4 Assume the hypotheses of Proposition 1.2, and let 

be the fusion system generated by G and T . Then for all P,P' < S which 
contain Z, 

{ip e Hom^(P, P') I ip{Z) = Z} = RomoiP, P'). 

Proof Upon replacing P' by <y?(-P) < P' , we can assume that ip is an isomor- 
phism, and thus that it factors as a composite of isomorphisms 

where for each i, ipi G Home (Pi-i, Pi) or ipi £ Homr(-Pi-i, -Pj) . Let Zi < Z(Pi) 
be the subgroups of order p such that Zq = Zk = Z and Zi = (pi{Zi-i). 

To simphfy the discussion, we say that a morpliism in !F is of type (G) if it is 
given by conjugation by an element of G, and of type (F) if it is the restriction 
of an automorphism in T . More generally, we say that a morphism is of type 
(G, r) if it is the composite of a morphism of type (G) followed by one of type 
(r), etc. We regard Idp, for all P < 5, to be of both types, even if P ^ 5o. 
By definition, if any nonidentity isomorphism is of type (F), then its source 
and image are both contained in = Cs{U). 

For each i, using Lemma 1.3, choose some ipi G Romjr [P^U, S) such that 
tpi{Zi) = Z . More precisely, using points (1) and (2) in Lemma 1.3, we can 
choose Ipi to be of type (F) if Zi < U (the inclusion if Zi = Z), and to be 
of type (G,F) if Z ^ U. Set Pi = ipi{Pi). To keep track of the effect of 
morphisms on the subgroups Zi , we write them as morphisms between pairs, 
as shown below. Thus, (p factors as a composite of isomorphisms 

{PU,z) {Pi-i,Zi_,) -f^ {Pi,Zi) {Piz). 

If ipi is of type (G), then this composite (after replacing adjacent morphisms 
of the same type by their composite) is of type (F, G, F) . If ipi is of type (F) , 
then the composite is again of type (F,G, F) if cither Zi^i < U or Zi < U , 
and is of type (F,G, F,G, F) if neither Zi^i nor Zi is contained in U . So we 
are reduced to assuming that ip is of one of these two forms. 

Case 1 Assume first that ip is of type (F, G, F) ; ie, a composite of isomor- 
phisms of the form 

{P0,Z) (Pi,Zi) (P2,Z2) {Ps,Z). 
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Then Zi = Z if and only if Z2 = Z because ip2 is of type (G) . If Zi = Z2 = Z , 
then ipi and (/P3 are of type (G) by (c), and the result follows. 

U Zi Z ^ Z2, then U = ZZi = ZZ2, and thus (p2{U) = U. Neither 
(fii nor 933 can be the identity, so -Pj < 5*0 = Cs{U) for all i by definition of 
Homr(— , — ) , and hence ip2 is of type (F) by (c). It follows that 99 G Isor(-Po) -fa) 
sends Z to itself, and is of type (G) by (c) again. 

Case 2 Assume now that ip is of type (r,G, r,G, F); more precisely, that it 
is a composite of the form 

{P„Z) ^ iP„Z,) iP„Z,) ^ (P3,Z3) iP,,Z,) iP,,Z), 

(i) (^) ('^J (^) (J^j 

where Z2, Z^ ^ [7 . Then Zi, Z/^ < U and are distinct from Z , and the groups 
Pq, Pi, P4, P5 all contain [/ since ipi and </?5 (being of type (F)) leave U invari- 
ant. In particular, P2 and P3 contain Z, since Pi and P4 do and </?2,¥'4 f-i'e 
of type (G) . We can also assume that U < P2,P3, since otherwise P2 H [/" = Z 

or P3 n ?7 = Z, (ps^Z) = Z , and hence 993 is of type (G) by (c) again. Finally, 
we assume that P2, P3 1^ Sq = CsiU), since otherwise ip^ = Id. 

Let Ei < Pi be the rank three elementary abelian subgroups defined by the 
requirements that E2 = UZ2, = UZ^, and (pi{Ei-i) = Ei. In particular, 
Ei < Z{Pi) for z = 2, 3 (since Zi < Z{Pi) , and U < Z{I\) by the above 
remarks); and hence Ei < Z[Pi) for all i. Also, U = ZZ/^ < ip^^E^) = E4, since 
P4:{Z) = Z , and thus U = p^iU) < E^. Via similar considerations for £^0 and 
El , we see that U < Ei for all i . 

Set H = Cg{U) for short. Let £'3 be the set of all elementary abelian subgroups 
E < S of rank three which contain U, and with the property that Cs{E) G 
Sy\{CH{E)). Since Cs{E) < Cs{U) = So e Sy\p{H), the last condition 
implies that E is fully centralized in the fusion system i^) ■ ^f E < S 
is any rank three elementary abelian subgroup which contains U , then there 
is some a e H such that E' = aEa~^ € Ss, since Tso{H) is saturated and 
U < H. Then G Isog{E,E') fMsor{E,E') by (c). So upon composing 
with such isomorphisms, we can assume that Ei G ^3 for all i, and also that 
p)i{Cs{Ei-i)) = Cs{Ei) for each i. 

In this way, p can be assumed to extend to an JF-isomorphism ip from Cs{Eq) 
to CsiE^) which sends Z to itself. By (e), the rank three subgroups Ei are 
all G-conjugate to each other. Choose g & G such that gE^g~^ = Eq. Then 
g-Cs{E^)-g~^ and Cs{Eq) are both Sylow p-subgroups of Cg{Eq), so there 
is /i G Cg{Eo) such that {hg)Cs{E^){hg)-^ = Cs{Eo). By (d), Chg o p, e 
Autjr(Cs{Eo)) is of type (G); and thus G Isog(Po,P5)- □ 
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To finish the proof of Proposition 1.2, it remains only to show: 

Lemma 1.5 Under the hypotheses of Proposition 1.2, the fusion system J- 
generated by J^s{G) and J^Soi^) saturated. 

Proof We apply Proposition 1.1, by letting X be the set of generators of Z. 
Condition (a) of the proposition (every x £ S oi order p is .^^-conjugate to an 
element of X) holds by Lemma 1.3. Condition (c) holds since Cjr(Z) is the 
fusion system of the group Cg{Z) by Lemma 1.4, and hence is saturated by [6, 
Proposition 1.3]. 

It remains to prove condition (b) of Proposition 1.1. We must show that if y, z G 
S are ^-conjugate and (z) = Z, then there is ijj e }iomj:-{Cs{y),Cs{z)) such 
that ip{y) = z. If y ^ [/, then by Lemma 1.3(2), there is € Tiomjr(^Cs{y) , Sq) 
such that (p{y) £ U. If y € U\Z, then by Lemma 1.3(1), there is G 
HomjF(Cs'(y), 5*0) such that ip{y) G Z. We are thus reduced to the case where 
y,z e Z (and are J^-conjugate). 

In this case, then by Lemma 1.4, there is y G G such that z = gyg~^ . Since 
Z <] G, [G:Cg{Z)] is prime to p, so 5 and gSg~^ are both Sylow p-subgroups 
of Cg{Z), and hence are (7G'(Z)-conjugate. We can thus choose g such that 
z = gyg~^ and gSg^^ = S. Since Cs{y) = Cs{z) = S {Z < Z{S) since it is 
a normal subgroup of order p), this shows that Cg G lsoG{Csiy),Cs{z)) , and 
finishes the proof of (b) in Proposition 1.1. □ 

2 A fusion system of a type considered by Solomon 

The main result of this section and the next is the following theorem: 

Theorem 2.1 Let q be an odd prime power, and fix S E Syl2 ( Spiny (qf) ) . Let 
z G Z(Spin7(g)) be the central clement of order 2. Then there is a saturated 
fusion system T = J^SoiiQ) which satisfies the following conditions: 

(a) Cj^{z) = .?^5(Spiny(g)) as fusion systems over S. 

(b) All involutions of S are -conjugate. 

Furthermore, there is a unique centric linking system L = >Cgjji(g) associated 
to T. 
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Theorem 2.1 will be proven in Propositions 2.11 and 3.3. Later, at the end 
of Section 3, we explain why Solomon's theorem [22] implies that these fusion 
systems are not the fusion systems of any finite groups, and hence that the 
spaces BSol(g) are not homotopy equivalent to the 2-completed classifying 
spaces of any finite groups. 

Background results needed for computations in Spin(F, b) have been collected 
in Appendix A. We focus attention here on S07{q) and Spin7(g). In fact, 
since we want to compare the constructions over ¥q with those over its field 
extensions, most of the constructions will first be made in the groups SOT{¥q) 
and Spiny (Fq) . 

We now fix, for the rest of the section, an odd prime power q. It will be 
convenient to write Spiny ((7°°) =^ Spiny (F^), etc. In order to make certain 
computations more explicit, we set 

Voo = M2{fq) e M^{Fq) ^ (fgY and b{A, B) = det(A) + det(5) 

(where M2 ( — ) is the group of (2 x 2) matrices of trace zero), and for each n > 1 
set Vn = M2(Fqn) © M2(Fqn) C Voo- Then b is a nonsingular quadratic form 
on Foo and on F„. Identify 507(9°°) = SO{Voo,h) and S07(g") = SO(F„,b), 
and similarly for Spin7(g") < Spin7(q'°°). For all a G Spin(M2(Fq), det) and 
(5 G Spin(M2 (Fq), det) , we write a © /3 for their image in Spiny (g°°) under the 
natural homomorphism 

Ks: Spin4(g~) X Spin3(g~) > Spiny(g°°). 

There are isomorphisms 

Pi-. SL2{q°°) X SL2{q^) ^ Spm^{q^) and : 5L2(g~) Spin^iq^^) 

which are defined explicitly in Proposition A. 5, and which restrict to isomor- 
phisms 

5L2((7") X SL2{q") ^ Spin4(g") and (g") ^ Spin3(g") 

for each n. Let 

z = M-I, -i") e 1 = 1 © M-I) e ^(Spin7(g)) 
denote the central element of order two, and set 

zi = p4(-/,/)el G Spiny (g). 
Here, 1 G Spinj^(g) {k = 3,4) denotes the identity element. Define U = {z,zi). 
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Definition 2.2 Define 

Lo: SL2iq°°f ^ Spin7(g°°) 

by setting 

Lo{Ai,A2, A3) = p4(-4i, A2) e ^3(^3) 
for ^1,^2,^3 G SL2{q^). Set 

H{q°°)=u;{SL2{q°°f) and [Ai, ^2, ^al = ^2, ^3) • 

Since p3 and p4 are isomorphisms, Ker(u;) = Ker(i4^3) , and thus 

KerH = ((-/,-/,-/)). 
In particular, H{q'^) ^ (5L2(g°°)3)/{±(/, /,/)}. Also, 

2 = 17,1,-/1 and zi = 1-1,1,11 

and thus 

U = {i±I,±I,±Ij} 
(with all combinations of signs). 
For each 1 < n < 00, the natural homomorphism 

Spin7(g") > SOj{q^) 

has kernel and cokcrncl both of order 2. The image of this homomorphism 
is the commutator subgroup ri7(g") < SOy{q^), which is partly described by 
Lemma A.4(a). In contrast, since all elements of are squares, the natural 
homomorphism from Spiny(g°°) to S07{q°°) is surjective. 

Lemma 2.3 There is an element r G ^Spm^{q){U) order 2 such that 

r.[[^i,^2,^3l-r-^ = 1^2,^1,^31 (1) 
for all ^1,^2,^3 e SL2iq^). 

Proof Let f G S07{q) be the involution defined by setting 

f{X,Y) = {~e{X),-Y) 
for {X,Y) G Foo = M2(¥q) MO(Fy), where 

Let T G Spin7((/°°) be a lifting of f . The (— l)-eigenspace of f on V^o has 
orthogonal basis 

{(/,o),(o,(JA)),(o,(?^)),(o,(_°iJ))}, 
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and in particular has discriminant 1 with respect to this basis. Hence by Lemma 
A. 4(a), r G Qjlq) , and so r G Spin7(g). Since in addition, the (— l)-eigenspace 
of r is 4-dimcnsional, Lemma A. 4(b) applies to show that = 1. 

By definition of the isomorphisms ps and y04, for all Ai G SL2{q^) {i = 1, 2, 3) 
and all {X,Y) G V^o, 

lA,,A2,A3j{X,Y) = iAiXA,\A3YA^'). 

Here, Spin7((/°°) acts on via its projection to SOj{q°°) . Also, for all X,Y e 

e{X) = o)-^*-(-i o)~^ and in particular e{XY) = 9{Y)-e{X); 
and e{X) = X-^ if det(X) = 1. Hence for all ^1,^2,^3 e SL2{q°°) and all 

{x,Y)eVoo, 

{TiAuA2,A^lT-'){X,Y) = Ti-Are{XyA^\-A^YA^') 

= {A2XA^\AsYA^') = lA2,A,,Asj{X,Y). 

This shows that (1) holds modulo (z) = Z(Spin7(g°°)) . We thus have two 
automorphisms of H{q°°) = (5L2(g°°)^)/{±(/, /, /)} — conjugation by r and 
the permutation automorphism — which are liftings of the same automorphism 
of H{q°°)/{z). Since H{q°°) is perfect, each automorphism of H{q°°)/{z) has 
at most one lifting to an automorphism of H{q°°), and thus (1) holds. Also, 
since U is the subgroup of all elements [it/, ±1, ±7]] with all combinations of 
signs, formula (1) shows that r G NspiDj(q){U) ■ ^ 

Definition 2.4 For each n > 1 , set 

iJ(g") = H{q°°) n Spin7(g") and Hoiq"") = u{SL2{q''f) < H{q''). 
Define 

r„ = Inn(ff(g")) >^ S3 < Aut(i7(g")), 
where S3 denotes the group of permutation automorphisms 

Ea = {1^1,^2,^31 ^ 1^.1,^.2,^^3]] I G E3} < Aut(/7(g")) . 

For each n, let ip''-^ be the automorphism of Spin7(g°°) induced by the field 
isomorphism {q 1— > g*'"). By Lemma A. 3, ^\)m.-j{q^) is the fixed subgroup of 
Hence each element of H{q"') is of the form [[Ai, ^2, ^sj , where either 
Ai G SL2{q^) for each i (and the element lies in Ho{q")), or '0^"(Aj) = —Ai 
for each i. This shows that Ho{q'^) has index 2 in H{q"-). 

The goal is now to choose compatible Sylow subgroups S{q^) G Syl2 (Spiny (g'*)) 
(all n > 1) contained in N{H{q^)), and let .^-301(9") be the fusion system over 
S{q"') generated by conjugation in Spin7(g"') and by restrictions of r„. 
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Proposition 2.5 The following hold for each n > 1. 

(a) F((7") = Cspi„^(,n)(i7). 

(b) iVspm7(g")(t^) = Nspin^{q"){H{q'')) = H{q'')-{T) , and contains a Sylow 
2-subgroup of Spinj{q''^'') . 

Proof Let zi G SO'j{q) be the image of z\ G Spin7(q'). Set F_ = M2(Fg) and 
y+ = M2(Fg): the eigenspaces of z\ acting on F. By Lemma A.4(c), 

Cspin7(g°°)(t^) = C'spin7(9°°)(^l) 

is the group of all elements a G Spiny whose image a G SO'j{q°°) has the 
form 

a. = a- © where a± G SO{y±). 

In other words, 

^^Spin,(5-)(t^) = H3(Spin4(g°°) X Spin3(g-)) = a;(5L2(g°°)^) = 

Furthermore, since 

Tzir-i = r[[-/, /, 7lr-i = [/, -/, /]] = zz^ 

by Lemma 2.3, and since any clement of iVspin7(g°°)(t^) centralizes z, conjuga- 
tion by T generates Outspin7(goo)([/) . Hence 

A^Spi„,(,-)(C/) = i^(9°°)-(T). 

Point (a), and the first part of point (b), now follow upon taking intersections 
with Spiny (g"). 

If A^gpin^(gn)(?7) did not contain a Sylow 2-subgroup of Spiny(g"), then since 
every noncentral involution of Spin7(Q'") is conjugate to Z\ (Proposition A. 8), 
the Sylow 2-subgroups of Spiny (g) would have no normal subgroup isomorphic 
to Cl • By a theorem of Hall (cf [15, Theorem 5.4.10]), this would imply that 
they are cyclic, dihedral, quaternion, or semidihedral. This is clearly not the 
case, so -/Vspin^(gn')([7) must contain a Sylow 2-subgroup of Spiny(g), and this 
finishes the proof of point (b). 

Alternatively, point (b) follows from the standard formulas for the orders of 
these groups (cf [24, pages 19,140]), which show that 

|Spiny(g")| ^ g9n(^6n_i)(g4n_i)(g2n_i) ^ , „2n , . ^ + 

\H{q^)-{T)\ 2-[(?"((?2n_i)]3 1 ^1 ^ )y 2 ) 

is odd. □ 
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We next fix, for each n, a Sylow 2-subgroup of Spin7(g"') which is contained 
in i/(g").(r) = iVspi„^(,n)(C/). 

Definition 2.6 Fix elements A,Be SL2{q) such that {A, B) = Qg (a quater- 
nion group of order 8), and set A = lA,A,Aj and B = lB,B,Bl. Let 

C{(f°) < Cg]^^(^qoc-^{A) be the subgroup of elements of 2-power order in the 
centralizer (which is abelian), and set Q{q°°) = {C{q°°), B) . Define 

and 

5(g-) = 5o(g°^)-(r) < H{q^) < Spin,{q^). 
Here, r G Spin7(g) is the element of Lemma 2.3. Finally, for each n > 1, define 

C(g") = C(g~) n SL2{qn, Q{qn = Q{q'^) n SL^iq^, 

5o(g") = So{q^) n Spin7(g"), and S(g") = S{q^) n Spin7(g"). 

Since the two eigenvalues of A are distinct, its centralizer in 5*^2 (g°°) is con- 
jugate to the subgroup of diagonal matrices, which is abelian. Thus C{q°°) is 
conjugate to the subgroup of diagonal matrices of 2-power order. This shows 
that each finite subgroup of C{q°°) is cyclic, and that each finite subgroup of 
Q{q^) is cyclic or quaternion. 

Lemma 2.7 For all n, Siq"") G Syl2(Spin7(g")) . 

Proof By [23, 6.23], A is contained in a cyclic subgroup of order — 1 or 
q'^ + 1 (depending on which of them is divisible by 4). Also, the normalizer of 
this cyclic subgroup is a quaternion group of order 2{q'^ ±1), and the formula 
\SL2{q^)\ = q"'{cp'^ — 1) shows that this quaternion group has odd index. Thus 
by construction, Q{q^) is a Sylow 2-subgroup of SL2{q"'). Hence uj{Q{q'^)'^) is 
a Sylow 2-subgroup of ifo(g"') , so (j(Q((Z°°)^)nSpin7(g") is a Sylow 2-subgroup 
of H{q"-). It follows that S{q"') is a Sylow 2-subgroup of H{q"')-{T), and hence 
also of Spin7(g") by Proposition 2.5(b). □ 

Following the notation of Definition A. 7, we say that an elementary abelian 
2-subgroup E < Spiny (g"^) has type I if its eigenspaces all have square dis- 
criminant, and has type H otherwise. Let £r be the set of elementary abelian 
subgroups of rank r in Spin7(g") which contain z, and let £"/ and S^^ be the 
sets of those of type I or H, respectively. In Proposition A. 8, we show that 
there are two conjugacy classes of subgroups in £[ and one conjugacy class of 
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subgroups in . In Proposition A. 9, an invariant xc{E) G -E is defined, for 
all E £ £4 (and where C is one of the conjugacy classes in S^) as a tool for 
determining the conjugacy class of a subgroup. More precisely, E has type I if 
and only if xc{E) G {z) , and £^ G C if and only if xc{E) = 1. The next lemma 
provides some more detailed information about the rank four subgroups and 
these invariants. 

Recall that we define A = lA, A, and B = {B, B, Bj . 

Lemma 2.8 Fix n > 1, set E^ = {z,zi,A,B) < S{q''), and let C he the 
SpiuY {q"^) -conjugacy class of E^,. Let be the set of all elementary abelian 
subgroups E < of rank 4 which contain U = {z,zi). Fix a generator 

X G C(g") (the 2-power torsion in (75£,2(q")(^) )> choose Y G C{q^"') such 
that = X . Then the following hold. 

(a) E^ has type I. 

(b) SY = {Eijh, E'-jf^ I A; G Z} (a finite set), where 

Eijk = {z, zxX WB, X^B, X'^B^) 

and 

K^fc = {z,zi,A, IX'YB,X^YB,X'^YB}). 

(c) xciE.jk) = li-iy, i-iy, i-in and xc{E[^,) = i-iy, i-m-A. 

(d) All of the subgroups E'-/^ have type II. The subgroup Eijk has type I if 
and only if i = j (mod 2 ), and lies in C (is conjugate to E^) if and only if 
i = j = k (mod 2 ). The subgroups Eoqq, Eqqi, and £'100 thus represent 
the three conjugacy classes of rank four elementary abelian subgroups of 
Spin7(g") (and E^ = Eqqo). 

(e) For any (f e Tn < Aut(i7(g")) (see Definition 2.4), if E',E" G are 
such that (p(E') = E" , then ip{xe{E')) = xc{E"). 

Proof (a) The set 

{ (/, 0) , (A, 0) , (S, 0) , (AB, 0) , (0, A) , (0, B) , (0, AB) } 

is a basis of eigenvectors for the action of on Vn = M2 (F^n ) © M2 (F^n ) . 
(Since the matrices A, B, and AB all have order 4 and determinant one, each 
has as eigenvalues the two distinct fourth roots of unity, and hence they all 
have trace zero.) Since all of these have determinant one, E^ has type I by 
definition. 
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(b) Consider the subgroups 

Ro = u;{C{q^f) n = {lX\X^,X% lX'Y,X^Y,X''Yj \ keZ} 

and 

Ri=Csigr.){{U,A)) = Ro-{B). 
Clearly, each subgroup E £ is contained in 

C5(,n)(C/) = Soiq'n = Ro-{lB\B^,B%. 

All involutions in this subgroup are contained in Ri = Rq-{1_B,B,B^) , and thus 
E < Ri. Hence E n Rq has rank 3, which implies that E > {z,zi,A) (the 
2-torsion in i?o). Since all elements of order two in the coset Rq-B have the 
form 

IX'B,X^B,X''B^ or lX'YB,X^YB,X''YBj 

for some i,j,k, this shows that E must be one of the groups Eiji^ or E'-j^. 
(Note in particular that E^, = Eqqq.) 

(c) By Proposition A. 9(a), the element xc{E) £ E is characterized uniquely 
by the property that xc{E) = g~^4'''^{g) for some g G Spin7(g°°) such that 
gEg~^ G C. We now apply this explicitly to the subgroups Eijk and E'-j^. 

For each i, Y-''{X'B)Y'' = Y'^^X^B = B. Hence for each i,j,k, 

lY\Y^,Y''r'-EijkiY\Y^,Y''} = E, 

and 

r"{iY\Y^,Y''}) = iY\Y^,Y'^u{-iy,{-iy,i-i)% 

Hence 

xciE,jk) = K~iy,i-iy,i~in- 

Similarly, if we choose Z G CsL2{q°°){^) such that Z^ = Y , then for each i, 

{Y'Z)-^{X'YB)(Y^Z) = B. 

Hence for each i,j,k, 

IY'Z,Y^ Z,Y''Zj-^-E'ijkiY'Z,Y^ Z,Y''Zj = E^. 
Since V''"(^) = ±ZA, 

V^5"(iy^z,r^z,y'=zi) = iY'z,Y^z,Y''zii{-iyA,{-iyA,{-i)''Ai 

and hence 

xc{Eij,) = l{-iyA,{-iyA,{-I)'Al 
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(d) This now follows immediately from point (c) and Proposition A.9(b,c). 

(e) By Definition 2.4, r„ is generated by Inn(i?(g")) and the permutations 
of the three factors in ^ {S L2{q°°f) / {±{1 , 1 , 1)} . If (/? G is a 
permutation automorphism, then it permutes the elements of £^ , and preserves 
the elements xc( — ) by the formulas in (c). If € Inn(if(g")) and f(E') = E" 
for E',E" G , then if{xc{E')) = xc{E") by definition of xc(-); and so the 
same property holds for all elements of r„ . □ 



Following the notation introduced in Section 1, Homgpiu^^gnj (P, Q) (for P,Q< 
S{q"-) ) denotes the set of homomorphisms from P to Q induced by conjugation 
by some element of Spiny (g"). Also, if P,Q < ^(g") n Homr„ (P,Q) 

denotes the set of homomorphisms induced by restriction of an element of . 
Let J-'n = J^Soi{q"') be the fusion system over S'(g") generated by Spin7(g"') 
and F„. In other words, for each P,Q < S^q^), Homjr„(P, Q) is the set of all 
composites 

p = p,^p,^p, . ,p,_^^p, = Q, 

where Pj < S{q^) for all i, and each ipi lies in Homgpin^(gn)(Pi_i, Pj) or (if 
Pi-i,Pi < H{q"-)) Homr„(Pi-i, Pj). This clearly defines a fusion system over 
%-). 

Proposition 2.9 Fix n > 1. Let E < S{q^) be an elementary abelian sub- 
group of rank 3 which contains U , and such that 

Cs{q^){E) G Syl2(Cspin^(5n)(£^)). 

Then 

G Aut^„(C5(g„)(£;)) I ^{Z) =Z} = Autspin,{qn){Cs(qn){E)). (1) 

Proof Set 

Spin = Spin7(g"), 5 = 5(g"), F = F„, and = J^n 

for short. Consider the subgroups 

Ro = Po(g") = cjiC{q^f) n S and Pi = Pi(g") '^^^ Cs{{U, A)) = (Pq, B). 

Here, Rq is generated by elements of the form [Xi, X2, X3]] , where either Xi G 
C(g"), or Xi = X2 = X3 = X G C(g2«) and V'^"(X) = -X. Also, C(g") G 
Syl2(C5i2((?")(^)) is cyclic of order 2^^' > 4, where 2^ is the largest power which 
divides g" ± 1; and C{q^"') is cyclic of order 2^^^^ . So 

Rq ^ {C^kf and Pi = Po X {B), 
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where B = lB,B,B} has order 2 and acts on Rq via {g g Note that 

{U, A) = ±1, ±11 lA, A, AD ^ C| 
is the 2-torsion subgroup of Rq . 
We claim that 

i?o is the only subgroup of S isomorphic to ((72^)^. (2) 

To see this, let R' < S he any subgroup isomorphic to (C2fe)'^, and let E' = 
be its 2-torsion subgroup. Recall that for any 2-group P, the Prattini subgroup 
Pr(P) is the subgroup generated by commutators and squares in P. Thus 

E' < Fr{R') < Fr{S) < {Ro, lB,B,I}) 

(note that = (r-[[S,/, 7]])^). Any elementary abelian subgroup of 

rank 4 in Fr(5) would have to contain {U, A) (the 2-torsion in Rq = C|fc ), and 
this is impossible since no element of the coset Rq-1_B,B,I^ commutes with 
A. Thus, rk(Fr(S')) = 3. Hence U < E' , since otherwise {U,E') would be an 
elementary abelian subgroup of Fr(S') of rank > 4. This in turn implies that 
R' < Cs{U), and hence that E' < Fv{Cs{U)) < Rq. Thus E' = {U,A) (the 
2-torsion in Rq again). Hence R' < Cs{{U, A)) = {Ro,B), and it follows that 
R' = Ro. This finishes the proof of (2). 

Choose generators xi,X2,X2, G Rq as follows. Fix X G 6*5^2(9°°) (^) of o^'der 
2*^, and Y G Csi^ig^n^iA) of order 2'=+i such that = X . Set xi = lI,I,Xj, 
X2 = [X, /,/]], and X3 = [y, F, yj. Thus, xf" ^ = z, ^ = ^i, and 
{xzf-^ = A. 

Now let E < S'(g") be an elementary abelian subgroup of rank 3 which con- 
tains U, and such that Cs(q"){E) G Syl2(Cspin(£')) . In particular, E < Ri = 
Cs[qn) (U) . There are two cases to consider: that where E < Rq and that where 
E^Rq. 

Case 1: Assume E < Rq. Since Rq is abelian of rank 3, we must have 
E = {U,A), the 2-torsion subgroup of Rq, and Cs{E) = R\. Also, by (2), 
neither Rq nor i?i is isomorphic to any other subgroup of S ; and hence 

Aut^(i?i) = (Autspi„(i?i), Autr(i?i)> for z = 0, 1. (4) 

By Proposition A. 8, Autspin(-£') is the group of all automorphisms of E which 
send z to itself. In particular, since H{q^) = Cspin(t^), Aut^(gn)(£') is the 
group of all automorphisms of E which are the identity on U . Also, F = 
Inn(ff(g"))-S3 , where S3 sends A = \A,A,A^ to itself and permutes the non- 
trivial elements oi U = {[[±1, ±1, ±1]]}. Hence Autr(-E) is the group of all 
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automorphisms which send U to itself. So if we identify Aut(£') = GLs{Z/2) 



Autr(£^) = T2 = GLl{Z/2) = {{uij) G GLs{Z/2) \ 031 = 032 = O}. 
By (2) (and since E is the 2-torsion in Rq), 

NspiniE) = NspiniRo) and {7 G F [ -/{E) =E} = {^eT\ ^(Rq) = Rq}. 

Since Cspin(-E) = Cspm{Ro)'{B) , the onfy nonidentity element of Autspin(-Ro) 
or of Autr(-Ro) which is the identity on E is conjugation by B, which is —I. 
Hence restriction from Rq to E induces isomorphisms 

Autspi„(i?o)/{±/} = Autspi„(£;) and Autr(i?o)/{±/} = Autr(£^). 

Upon identifying Aut(i?o) — GL^i7j/2^) via the basis {a;i,a;2,a:;3}, these can 
be regarded as sections 



in: Ti > GL^{I./2^)/{±I} = SL^{Z/2^) x {A7 | A G (Z/2'=)*}/{±7} 



of the natural projection from GL^{'LI2^) / {±1} to GL3(Z/2), which agree on 
the group Tq = Ti fl T2 of upper triangular matrices. 

We claim that ^1 and ^2 both map trivially to the second factor. Since this 
factor is abelian, it suffices to show that Tq is generated by [Ti,Ti] fi Tq and 
[T2,T2] n To, and that each Tj is generated by [T^jTi] and Tq — and this is 
easily checked. (Note that Ti'^T2 = E4.) 

By carrying out the above procedure over the field Fg2n , we see that both of 
these sections can be lifted further to SLs{Z/2'^'^^) (still agreeing on Tq). 
So by Lemma A. 10, there is a section 



which extends both /xi and 112- By (4), Aut^(i?o) = Im(A*)-( — -^)- 

We next identify Autjr(i?i). By Lemma 2.8(a), E^ = {z,zi,A,B) < Spmj{q'') 
is a subgroup of rank 4 and type I. So by Proposition A. 8, Autspin(-E'*) contains 
all automorphisms of E^ = (7| which send z G Z(Spin) to itself. Hence for any 
X G A^Spin(-Ri), since Cx{z) = z, there is xi G A^spin(-E*) such that Cajje = Cx\e 
(ie, xx^^ G Cspin(-E^)) and Cxi{B) = B (ie, [a;i,S] = 1). Set X2 = xx^^ . 

Since Cspm(C^) = H{q^) < Im(w), we see that Cspin(-E') = Kq-{B), where 




(Z/2) = {{aij) G GLs{Z/2) \ a2i = 031 = 0} 



and 



/x: GL3(Z/2) 



^ SL^{'L/2^) 



Kq = uj{CsL2{q'^Mf) n Spin 
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is abelian, Rq G Syl2(-R'o)) and B acts on Kq by inversion. Upon replacing xi 
by Bxi and X2 by a;2-B~^ if necessary, we can assume that X2 G Kq. Then 

[a;2,S] = X2-(Ba;2S-i)-i = xj, 

while by the original choice of x, xi we have 

[X2,B] = [xx^\B] = [x,B] G Rq. 

Thus xl G -Ro £ Syl2(-fCo), and hence a;2 G /2o < -Ri- Since x = X2X\ was an 
arbitrary element of iVspin(-Ri), this shows that iVspin(-Ri) < -Ri-C'spin(-B) , and 
hence that 

Autspi„(i?i) = Inn(i?i)-{(^ G Autspi„(i?i) | <f{B) = B). (5) 

Since Autr(-Ri) is generated by its intersection with Autspin(-Ri) and the group 
E3 which permutes the three factors in H{q°°) (and since the elements of S3 
all fix B), we also have 

Autr(i?i) = lnn{Ri)-{<f G Autr(-Ri) | (p{B) = B}. 

Together with (4) and (5), this shows that Autjr(-Ri) is generated by Inn(i?i) 
together with certain automorphisms of Ri = Rq-{B) which send B to itself. 
In other words, 

Aut^(i?i) = Inn(iii)-{(^ G Aut(i?i) | = B, <f\R, G Aut^(iio)} 

= Inn(i?i)-{v? G Aut(i?i) I ip{B) = B, ip\R, G //(GL3(Z/2))}. 

Thus 

{ip G Aut^(i?i) I ip{z) = z} 

= Inn(i?i)-{(^ G Aut(i?i) I ^{B) = B, ip\ji^ G /x(Ti) = Autspi„(i?o)} 

= AutSpin(i?l), 

the last equality by (5); and (1) now follows. 

Case 2: Now assume that E ^ Rq. By assumption, U < E (hence E < 
Cs{E) < Cs{U)), and Cs{E) is a Sylow subgroup of Cspin{E) . Since Cs{E) 
is not isomorphic to Ri = Cs{{z, zi, A)) (by (2)), this shows that E is not 
Spin-conjugate to {z,zi,A). By Proposition A. 8, Spin contains exactly two 
conjugacy classes of rank 3 subgroups containing z, and thus E must have type 
II. Hence by Proposition A. 8(d), Cs{E) is elementary abelian of rank 4, and 
also has type II. 

Let C be the Spin7(g"')-conjugacy class of the subgroup E^ = {U,A, B) = Cl, 
which by Lemma 2.8(a) has type I. Let £' be the set of all subgroups of S which 
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are elementary abelian of rank 4, contain U, and are not in C. By Lemma 
2.8(e), for any (p G Isor(^',£;") and any E' e £' , E" =^ if{E') G S' , and ip 
sends xc{E') to xc{E"). The same holds for 99 G Isospin(^', by definition 
of the elements xc{—) (Proposition A. 9). Since Cs{E) € £' , this shows that all 
elements of Autj^{Cs{E)) send the element xc{Cs{E)) to itself. By Proposition 
A. 9(c), Autspin(C'5(£')) is the group of automorphisms which are the identity 
on the rank two subgroup {xc{C s{E)) , z) ; and (1) now follows. □ 

One more technical result is needed. 

Lemma 2.10 Fix n > 1, and let E,E' < S{q'"') he two elementary abelian 
subgroups of rank three which contain U , and which are r„ -conjugate. Then 
E and E' are Spiny (g") -conjugate. 

Proof By [23, 3.6.3(ii)], — / is the only element of order 2 in SL2{q°°). Con- 
sider the sets 

Ji = {X G 5L2(g") I = -/} 

and 

= {X G SL2{q^'') I r\X) = -X, X2 = -/}. 

Here, as usual, ■0'^" is induced by the field automorphism {x ^ x'^"). All ele- 
ments in jTi are >S'L2(g) -conjugate (this follows, for example, from [23, 3.6.23]), 
and we claim the same is true for elements of J2 ■ 

Let Smq"") be the group of all elements X G 5^2(9^") such that ^«"(X) = 
±X. This is a group which contains SL2{q") with index 2. Let k be such that 
the Sylow 2-subgroups of SL2{q"') have order 2^; then A; > 3 since \SL2{q"')\ = 
g"(g2" - 1). Any 5 G Syl2(5L^(g")) is quaternion of order 2^+^ > 16 (see [15, 
Theorem 2.8.3]) and its intersection with SL2{q^) is quaternion of order 2*^, 
so all elements in S r\ J2 arc 5 -conjugate. It follows that all elements of J'2 
are S'L^(g'") -conjugate. If X,X' G J2 and X' = gXg-^ for g G SLl{q^), 
then either g G 5^2 (g") or gX G SL2{q"'), and in either case X and X' are 
conjugate by an element of SL2{q^). 

By Proposition 2.5(a), 

E,E' < Cspin,(,n)(^) = if(g") ''^'u{SL2{qn')r^Sp^MQl- 
Thus E = {z,zi,iXi,X2,Xsl) and E' = (z, zi, [[X( , X^, X^]]) , where the Xi 
are all in J7i or all in J^2 , and similarly for the X'- . Also, since E and E' are 
r„-conjugate (and each element of leaves U = {z, Zi) invariant), the Xi and 
X'- must all be in the same set J7i or S2 ■ Hence they are all <S'L2(g") -conjugate, 
and so E and E' are Spin7(g"')-conjugate. □ 

Geometry & Topology, Volume 6 (2002) 



Construction of 2-local finite groups 



941 



We are now ready to show that the fusion systems ^„ are saturated, and satisfy 
the conditions Hsted in Theorem 2.1. 

Proposition 2.11 For a fixed odd prime power q, let S{q'^) < S{q°°) < 
Spmj{q°°) be as deRned above. Let z G Z{Spin-^{q'^)) be the central element 
of order 2. Then for each n, J^n = ^Soiio."') is saturated as a fusion system over 
and satisGes the following conditions: 

(a) For all P,Q < S(q"') which contain z, if a € Hom(P, Q) is such that 
a{z) = z, then a G Hom^^(P, Q) if and only if a G Homspin7(gn)(-P, Q) ■ 

(b) Cjr^{z) = Ts(qn)iSpinY{q'^)) as fusion systems over S{q'^). 

(c) All involutions of S{q'^) are J^n-conjugate. 

Furthermore, Tm Q for m\n. The union of the Tn is thus a category 
^So\{q°°) whose objects are the finite subgroups of S{q'^). 

Proof We apply Proposition 1.2, where p = 2, G = Spin7(g"^), S = 
Z = {z) = Z{G); and U and Cg{U) = H{q^) are as defined above. Also, T = 
Tn < Aut(iJ(g")). Condition (a) in Proposition 1.2 (all noncentral involutions 
in G are conjugate) holds since all subgroups in 82 are conjugate (Proposition 
A.8), and condition (b) holds by definition of V . Condition (c) holds since 

{7 G r I 7(z) = z] = lnn{H{q^)y{cr) = Autjv^(c;)(iJ(g")) 

by definition, since H{q"-) = Cg{U), and by Proposition 2.5(b). Condition (d) 
was shown in Proposition 2.9, and condition (e) in Lemma 2.10. So by Propo- 
sition 1.2, J^n is a saturated fusion system, and Cj^^{Z) = J^s(^qn-j{Spin'^{q^)) . 

The last statement is clear. □ 



3 Linking systems and their automorphisms 

We next show the existence and uniqueness of centric linking systems associated 
to the TsoiiQ): and also construct certain automorphisms of these categories 
analogous to the automorphisms of the group Spiny (g'") . One more technical 
lemma about elementary abelian subgroups, this time about their J^-conjugacy 
classes, is first needed. 
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Lemma 3.1 Set T = ^soK^) • ^oi each r < 3, there is a unique J^-conjugacy 

class of elementary abclian subgroups E < S{q) of rank r. There are two 
J-—conjugacy classes of rank four elementary abelian subgroups E < S{q) : one 
is the set C of subgroups Sp'mj (q) -conjugate to E^ = {z, zi, A, B) , while the 
other contains the other conjugacy class of type I subgroups as well as all type 
II subgroups. Furthermore, Autjr(^E) = Aut{E) for all elementary abelian 
subgroups E < S{q) except when E has rank four and is not J^-conjugate to 
E^, in which case 

Aut^(£;) = {ae Aut{E) \ a(xc{E)) = xc{E)}. 

Proof By Lemma 2.8(d), the three subgroups 

= {z, zu A, IB, B, Bl), Eooi = {z, zi. A, {B, B, XBj), E^m = {z, zi. A, {XB, B, Bj) 

(where X is a generator of C{q)) represent the three Spin7(g') -conjugacy classes 
of rank four subgroups. Clearly, E'loo and £"001 are Li -conjugate, hence J^- 
conjugate; and by Lemma 2.8(e), neither is Fi-conjugate to This proves 
that there are exactly two .F-conjugacy classes of such subgroups. 

Since E^ and £'001 both are of type I in Spin7(g) , their Spiny (g) -automorphism 
groups contain all automorphisms which fix z (see Proposition A. 8). By Lemma 
2.8(e), z is fixed by all F -automorphisms of £001 ) and so AutjF(£ooi) is the 
group of all automorphisms of £001 which send z = xc(£'ooi) to itself. On the 
other hand, £* contains automorphisms (induced by permuting the three coor- 
dinates of H) which permute the three elements z,zi,zzi; and these together 
with Autspm(-E'*) generate Aut(£*). 

It remains to deal with the subgroups of smaller rank. By Proposition A. 8 again, 
there is just one Spin7((/) -conjugacy class of elementary abelian subgroups of 
rank one or two. There are two conjugacy classes of rank three subgroups, 
those of type I and those of type IL Since £100 is of type II and £001 of type 
I, all rank three subgroups of £001 have type I, while some of the rank three 
subgroups of £100 have type II. Since £001 is .^-conjugate to £100 , this shows 
that some subgroup of rank three and type II is .?^-conjugate to a subgroup of 
type I, and hence all rank three subgroups are conjugate to each other. Finally, 
Autjr(£') = Aut(-E) whenver rk(£') < 3 since any such group is .7-" -conjugate 
to a subgroup of £* (and we have just seen that Aut^(£'*) = Aut(£'*)). □ 

To simplify the notation, we now define 

^Spin(g") =V5(,.)(Spin7(g-)) 
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for all 1 < n < cx): the fusion system of the group Spin7(g") at the Sylow 
subgroup S{q"'). By construction, this is a subcategory of ^Soi(9")- We write 

Osol(9") = 0(^Sol(9")) and Ospin(g") = 0(J^Spin(g")) 

for the corresponding orbit categories: both of these have as objects the sub- 
groups of S{q"'), and have as morphism sets 

Morog^^,„) (P,Q) = Hom^3^^,„)(P,Q)/Inn(Q) C Rep(P,Q) 

and 

Morosp;„(gn) (P, Q) = Hom^g^^^(,„) (P, Q)/ Inn(g) . 

Let C'§„i(9") C Osoi('?'') and O^^-Jq'') C C'spi„(-?") be the centric orbit cate- 
gories; ie, the full subcategories whose objects are the ^Sol((?")^ or ^Spinl?")" 
centric subgroups of S{q'"') . (We will see shortly that these in fact have the 
same objects.) 

The obstructions to the existence and uniqueness of linking systems associated 
to the fusion systems J-'soi{q^): and to the existence and uniqueness of certain 

automorphisms of those linking systems, lie in certain groups which were iden- 
tified in [6] and [5]. It is these groups which are shown to vanish in the next 
lemma. 

Lemma 3.2 Fix a prime power q, and let 

Z&oM) ■■ O'soiiQ) ^ Ab and Zspin(g) : O'spM > Ab 

be the functors Z{P) = Z{P). Then for alli>0, 

IW (Zsoi(g)) = = W (Zspi„(g)). 

Osol(9) Ospin(9) 

Proof Set = J-'soiiQ) for short. Let Pi, ■ ■ ■ ,Pk be .F-conjugacy class repre- 
sentatives for all J^-centric subgroups Pj < S{q), arranged such that \Pi\ < \Pj\ 
for i < j. For each i, let Zi C Zsoi{q) be the subfunctor defined by setting 
Zi{P) = Zsoi((?)(P) if P is conjugate to Pj for some j < i and Zi{P) = 
otherwise. We thus have a filtration 

= Zo C Zi C . . . C Zfe = Zsoi(g) 

of ZQ,o\[q) by subfunctors, with the property that for each i, the quotient 
functor ZijZi^x vanishes except on the conjugacy class of Pj (and such that 
(Zi/Z,_i)(Pi) = Z^a{q){P.:)). By [6, Proposition 3.2], 

lim*(Zi/Zi_i) ^ A*(Out^(Pi);^(Pi)) 
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for each i. Here, A*{T;M) are certain graded groups, defined in [16, section 5] 
for all finite groups F and all finite [F] -modules M. We will show that 
A* {Outr (Pi); Z (Pi)) = except when Pi = S{q) or So{q) (see Definition 2.6). 

Fix an -centric subgroup P < S{q). For each j > 1, let ^}j{Z{P)) = {g & 
Z{P) I 5(2^ = 1}, and set E = Q.i{Z{P)) — the 2-torsion in the center of P. 
For each j > 1, let ^j{Z{P)) = {g e Z{P)\g'^' = 1}, and set E = Oi(Z(P)) 
— the 2-torsion in the center of P . We can assume E is fully centralized in J- 
(othcrwise replace P and E by appropriate subgroups in the same ^-conjugacy 
classes) . 

Assume first that Q '= Cg(^q^{E) ^ P, and hence that Nq{P) ^ P. Then 
any x G Nq{P)\P centralizes E = Vli[Z[P)). Hence for each j, x acts triv- 
ially on Q.j{Z{P))/Q.j-i{Z{P)), since multiplication by sends this group 
iVQ(P) /P-linearly and monomorphically to E. Since Cx is a nontrivial element 
of Out^(P) of p-power order, 

A*(Out^(P);J^,(Z(P))/%_i(Z(P))) = 

for all i > 1 by [16, Proposition 5.5], and thus A*(Out:r(P); Z(P)) = 0. 

Now assume that P = Cs{q){E) = P, the centralizer in S{q) of a fully !F- 
centralized elementary abelian subgroup. Since there is a unique conjugacy 
class of elementary abelian subgroup of any rank < 3, Cs(g)(E) always contains 
a subgroup Cl , and hence P contains a subgroup which is self centralizing 
by Proposition A.8(a). This shows that Z{P) is elementary abelian, and hence 
that Z{P) = E. 

We can assume P is fully normalized in so 

Aut5(,)(P) G Syl2(Aut^(P)) 

by condition (I) in the definition of a saturated fusion system. Since P = 
Cs(q)iE) (and E = Z{P)), this shows that 

Ker[Out^(P) > Aut^(E)] 

has odd order. Also, since E is fully centralized, any .^^-automorphism of E 
extends to an .^^-automorphism of P = Cs{q){E) , and thus this restriction map 
between automorphism groups is onto. By [16, Proposition 6.1(i,iii)], it now 
follows that 

AHOut^(P); Z{P)) ^ A^Aut^E); E). (1) 

By Lemma 3.1, Aut:r(P) = Aut(£^), except when E lies in one certain T- 
conjugacy class of subgroups E = C2', and in this case P = E and Aut^(£^) is 
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the group of automorphisms fixing the element xc {E) . In this last (exceptional) 
case, 02(Autjir(£;)) ^ 1 (the subgroup of elements which are the identity on 

E/{xe{E))),so 

A*(Out^(P); Z{P)) = A*(Aut^{E):E) = (2) 

by [16, Proposition 6.1(ii)]. Otherwise, when Autjr(-E) = Aut(i?), by [16, 
Proposition 6.3] we have 

'Z/2 if rk{E) = 2, i = 1 
Z/2 if rk(£;) = 1, z = (3) 
otherwise. 



A\Ant j^{E)-E) 



By points (1), (2), and (3), the groups A* {Out {P) ; Z{P)) vanish except in 
the two cases E = (z) or E = U, and these correspond to P = S{q) or 

P = Nsi,){U) = So{q). 

We can assume that P^ = S{q) and Pk-i = S()(q) . Wc have now shown that 
lim*(^fc_2) = 0, and thus that Zsoi{q) has the same higher limits as Zk/Zk_2. 
Hence lim -^(Zsoi (q)) = for all j > 2, and there is an exact sequence 

^ \im°(Zsoiiq)) > ]^^{Zk/Zk-i) > {Zk-i / Zk-2) 

^Z/2 

> limi(Zsoi(g)) ^ 0. 

One easily checks that lim°(Zsoi((?)) = 0, and hence we also get lim''^(Zsoi(q')) = 
0. 

The proof that lim*(^spin('?)) = for all i > 1 is similar, but simpler. If 
T = .^Spin((?), then for any ^-centric subgroup P ^ S{q), there is an ele- 
ment X G Ns{P)\P such that [x,P] = (z) , and Cx is a nontrivial element of 
02(0utjr(P)). Thus 

A*(OutH^');^(^')) = o 

for all such P by [16, Proposition 6.1(ii)] again. □ 

We are now ready to construct classifying spaces BSol{q) for these fusion sys- 
tems J-soiiq) ■ The following proposition finishes the proof of Theorem 2.1, and 
also contains additional information about the spaces BSo\(q) . 

To simplify notation, wc write 'C'^pi^Xl"') ~ '^5(<jn)(Spin7(9")) (n > 1) to de- 
note the centric linking system for the group Spin7(g"). The field automor- 
phism (a; x^) induces an automorphism of Spmj{q'^) which sends S{q'^) to 
itself; and this in turn induces automorphisms ip^r = ipjr(So\), ^^(Spin), and 
■^^(Spin) of the fusion systems J^Soi{q"') ^ ^Spin{q"') and of the linking system 
>Cipi„(«"). 
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Proposition 3.3 Fix an odd prime q, and n > 1. Let S = ^(g") G 
Syl2(Spiny(Q'"')) he as defined above. Let z G Z{Spmj{q^)) be the central 
element of order 2. Then there is a centric linking system 

^ = ^LiiQl ^Soi(g") 

associated to the saturated fusion system =^.?^Soi(9") o^e^ S , which has the 
following additional properties. 

(a) A subgroup P < S is !F -centric if and only if it is J^Spin{Q^) -centric. 

(b) >CgQj(g") contains ^Spinil") ^ a subcategory, in such a way that 

is the usual projection to .^^SpinC?")' distinguished monomor- 

phisms 

P AutciP) 
for £ = 'Cgjj[(g") are the same as those for >Cgpj^(q") . 

(c) Each automorphism of Cgpi^Xl'^'') which covers the identity on ^spinl?") 
extends to an automorphism of jC^^iil") which covers the identity on 
•^Soi^^")- FlU'thermore, such an extension is unique up to composition 
with the functor 

which is the identity on objects and sends a G Mor^c [qn-){P, Q) to'zoao 
("conjugation by z"). 

(d) There is a unique automorphism G Aut(£gQj(g")) which covers the 
automorphism of J^SoiiQ^) induced by the field automorphism (x x^), 
which extends the automorphism of >Cgpjj^(g") induced by the field auto- 
morphism, and which is the identity on Tr~^ {J^Soi{q)) ■ 

Proof By Proposition 2.11, = J'SoliQ"') is a saturated fusion system over 
S = G Syl2(Spin7(g")), with the property that Cr{z) = J^Spm(V)- Point 

(a) follows as a special case of [6, Proposition 2.5(a)]. 

Since Hm* (ZgoK?")) = for i = 2, 3 by Lemma 3.2, there is by [6, Propo- 

sition 3.1] a centric linking system C = £gQj(g") associated to J^, which is 
unique up to isomorphism (an isomorphism which commutes with the projec- 
tion to J-'so\{(f') and with the distinguished monomorphisms) . Furthermore, 
7r~-^(.?^Spin(?")) is a linking system associated to Tspm{q"'), such a linking sys- 
tem is unique up to isomorphism since lim^(Zspin ((?")) = (Lemma 3.2 again), 
and this proves (b). 
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(c) By [5, Theorem 6.2] (more precisely, by the same proof as that used in 
[5]), the vanishing of lim*(2sol(9")) for « = 1,2 (Lemma 3.2) shows that each 
automorphism of = J^Soi{q^) lifts to an automorphism of C, which is unique 
up to a natural isomorphism of functors; and any such natural isomorphism 
sends each object P < 5 to a isomorphism 'g for some g G Z{P). Similarly, 
the vanishing of lim^(Zspin(g"')) for f = 1,2 shows that each automorphism of 
•?^Spin(Q") lifts to an automorphism of jCgpjj^(g"), also unique up to a natural 
isomorphism of functors. Since 'Cg^j(g") and 'Cgpjn(g") have the same objects by 
(a), this shows that each automorphism of i^^^i^io^) which covers the identity 
'^'^ •^Spuiil"') extends to a unique automorphism of C'^^i^'i^) which covers the 
identity on J^soi(g")- 

It remains to show, for any <I> S Aut(£gQi(g'^)) which covers the identity on 
jFg^j(g") and such that ^\c<^ . (^qn) = Id, that $ is the identity or conjugation 
by z. We have already noted that $ must be naturally isomorphic to the 
identity; ie, that there are elements ^{P) G Z{P), for all P in ^■goiiq"'), such 
that 

$(a) = 7(Q) oao7(P)-i for all a € Mor^jgn){P,Q) , all P,Q. 

Since <I> is the identity on jC^pi^ig^) , the only possibilities are "y{P) = 1 for all 
P (hence <I> = Id), or 'y{P) = z for all P (hence <1> is conjugation by z). 

(d) Now consider the automorphism ipj:- € Aut(^Soi(Q")) induced by the field 
automorphism {x x^) of ¥qn . We have just seen that this lifts to an au- 
tomorphism i/j'j^ of £g,^j(g"), which is unique up to natural isomorphism of 
functors. The restriction of ip'j^ to 'Cgpjjj((7") , and the automorphism V£(Spin) 
of 'Cgp;j^(g") induced directly by the field automorphism, are two liftings of 
V'|r|:rspin(5") , and hence differ by a natural isomorphism of functors which ex- 
tends to a natural isomorphism of functors on Cg^^{q^) . Upon composing with 
this natural isomorphism, we can thus assume that tp'^ docs restrict to the 
automorphism of 'Cgp;^(g") induced by the field automorphism. 

Now consider the action of on Antc{So{q)) , which by assumption is the 
identity on Aut^c (g){So{q)), and in particular on 6{So{q)) itself. Thus, with 
respect to the extension 

1 > So{q) > Aut£(5o(g)) > S3 > 1, 

V'£ is the identity on the kernel and on the quotient, and hence is described by 
a cocycle 

7? G Zi(S3; Z{So{q))) = Zi(S3; {Z/2f). 

Since H^{T,-i; (Z/2)^) =0,7/ must be a coboundary, and thus the action of ip'^ 
on Autc{So{q)) is conjugation by an element of Z{So{q)) . Since it is the identity 
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on Aut^c (g)(5'o(g)), it must be conjugation by 1 or z. If it is conjugation by 

z, then we can replace (on the whole category C) hy its composite with z; 
ie, by its composite with the functor which is the identity on objects and sends 
a G Mor£ {P,Q) to 'z o a oz. 

In this way, wc can assume that V'£ is the identity on Autc{So{q)) ■ By con- 
struction, every morphism in J^soi{q) is a composite of morphisms in ^spin((z) 
and restrictions of automorphisms in ^Soi(Q') of So{q). Since ip'^ is the identity 
on 7r~-'^(^spin(9)), this shows that it is the identity on 7r~^(^Soi(Q')) • 

It remains to check the uniqueness of ip'ji^. If ip' is another functor with the 
same properties, then by (c), {ip')^^ o is either the identity or conjugation 
by z; and the latter is not possible since conjugation by z is not the identity 
on 7r-^(J^Soi(g))- □ 

This finishes the construction of the classifying spaces BSo\{q) = |vCsol(9)l2 
for the fusion systems constructed in Section 2. We end the section with an 
explanation of why these are not the fusion systems of finite groups. 

Proposition 3.4 For any odd prime power q , there is no Gnite group G whose 
fusion system is isomorphic to that of J-'soi{q) ■ 

Proof Let G be a finite group, fix S' G Syl2(G) , and assume that S = S{q) G 
Syl2(Spin7(q')), and that the fusion system J^siG) satisfies conditions (a) and 
(b) in Theorem 2.1. In particular, all involutions in G are conjugate, and the 
centralizer of any involution z € G has the fusion system of Spin7(g) . When 
g = ±3 (mod 8), Solomon showed [22, Theorem 3.2] that there is no finite group 
whose fusion system has these properties. When q = ±.l (mod 8), he showed (in 

^ def 

the same theorem) that there is no such G such that H = Gc{z) /O2' {Cg{z)) 
is isomorphic to a subgroup of Aut(Spiny(Q')) which contains Spin7((/) with odd 
index. (Here, 02'(~) means largest odd order normal subgroup.) 

Let G be a finite group whose fusion system is isomorphic to ^Soliq) 1 ^-nd again 
set H =^ CG{z)/02'{CGiz)) for some involution z e G. Set H = 0^'{H/{z)): 
the smallest normal subgroup of H / (z) of odd index. Then H has the fu- 
sion system of Qjiq) ^ Spiny (g) /Z (Spin^ (q-) ) . We wih show that H = nr{q') 
for some odd prime power q' . It then follows that (H) = Spm'^{q'), thus 
contradicting Solomon's theorem and proving our claim. 

The following "classification free" argument for proving that H = 0,j{q') for 
some q' was explained to us by Solomon. We refer to the appendix for general 



Qeometry & Topology, Volume 6 (2002) 



Construction of 2-local finite groups 



949 



results about the groups Spin^(q') and 0,^{q). Fix S G Sy\2{H). Thus S is 
isomorphic to a Sylow 2-subgroup of ^7{q), and has the same fusion. 

We first claim that H must be simple. By definition {H = O"^' {H / {z))) , H 
has no proper normal subgroup of odd index, and H has no proper normal 
subgroup of odd order since any such subgroup would lift to an odd order 
normal subgroup oi H = Cg{z)/02'{Cg{z)). Hence for any proper normal 

def 

subgroup N < H , Q = N f) S is a, proper normal subgroup of S , which is 
strongly closed in S with respect to H in the sense that no element of Q can be 
i7 -conjugate to an element of S\Q. Using Lemma A. 4(a), one checks that the 
group 07(g) contains three conjugacy classes of involutions, classified by the 
dimension of their (— l)-eigenspace. It is not hard to see (by taking products) 
that any subgroup of S which contains all involutions in one of these conjugacy 
classes contains all involutions in the other two classes as well. Furthermore, S 
is generated by the set of all of its involutions, and this shows that there are no 
proper subgroups which are strongly closed in S with respect to H. Since we 
have already seen that the intersection with S of any proper normal subgroup 
of H would have to be such a subgroup, this shows that H is simple. 

Fix an isomorphism 

S ^ > S' e Syl2 (07(g)) 

which preserves fusion. Choose x' G S' whose (— l)-eigenspace is 4-dimension- 
al, and such that {x') is fully centralized in J^s'{^7{q)) ■ Then 

Cor{g){x')=Ot{q)xOs{q) 

by Lemma A. 4(c). Since ^^iq) < 0'l{q) and 03(g) < 03(g) both have index 4, 

C'nj[q){x') is isomorphic to a subgroup of 0^(g) x 03(g) of index 4, and contains 
a normal subgroup K' = 0^(g)x 03(g) of index 4. Since {x') is fully centralized, 

Cs'{x') is a Sylow 2-subgroup of CQ^(^q^{x') , and hence S'q =^ S'nK' is a Sylow 
2-subgroup of K' . 

Set x = ip^^{x') G S. Since S = S' have the same fusion in H and 07(g), 
Cs{x) = Cs'{x') have the same fusion in Ch{x) and CQ^i^q){x'). Hence 

/fi(0^^(x);Z(2)) = i/i(On,(,)(x');Z(2)) 

(homology is determined by fusion), both have order 4, and thus Ch{x) also has 
a unique normal subgroup K < H of index 4. Set Sq = K r\ S . Thus (p{So) = 
S'q , and using Alperin's fusion theorem one can show that this isomorphism is 
fusion preserving with respect to the inclusions of Sylow subgroups Sq < K 
and S'q<K'. 
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Using the isomorphisms of Proposition A. 5: 

n+{q)^SL2 (q) X SL2 {q) and {q) = PSL2 (q), 

we can write K' = K[ x^^i^ K^, where K[ = SL2{q) and K2 = SL2{q) x 
PSL2{q). Set Si = S'nKl G Sylal^;); thus S'q = 5-1 x^,.,) 5^. Set Si = ip-\S'^, 
so that 5*0 = 5*1 X 5*2 is normal of index 4 in Cs{x) . The fusion system of K 
thus sphts as a central product of fusion systems, one of which is isomorphic to 
the fusion system of SL2 (q) . 

We now apply a theorem of Goldschmidt, which says very roughly that under 
these conditions, the group K also splits as a central product. To make this 
more precise, let Ki be the normal closure of Si in K <i Ch{x)- By [14, 
Corollary A2] , since S\ and 5*2 are strongly closed in Sq with respect to K , 

[Ki,K2] < {x)-02'{K). 

Using this, it is not hard to check that Si G Syl2{Ki). Thus Ki has same 
fusion as SL2{q) and is subnormal in Ch{x) {K\ <\ K <\ Ch{x)), and an 
argument similar to that used above to prove the simplicity of H shows that 
Ki / {{x) -02' (Ki)) is simple. Hence Ki is a 2-component of Ch{x) in the sense 
described by Aschbacher in [1]. By [1, Corollary III], this implies that H must 
be isomorphic to a Chevalley group of odd characteristic, or to Mn . It is now 
straightforward to check that among these groups, the only possibility is that 
H = ^7{q') for some odd prime power q' . □ 

4 Relation with the Dwyer-Wilkerson space 

We now want to examine the relation between the spaces BSo\{q) which we have 
just constructed, and the space BDI{A) constructed by Dwycr and Wilkerson 
in [9]. Recall that this is a 2-complete space characterized by the property 
that its cohomology is the Dickson algebra in four variables over F2; ie, the 
ring of invariants '¥2[xi,X2-, xz,x/^\'^^'^^'^^ . We show, for any odd prime power q, 
that BDI{4) is homotopy equivalent to the 2-completion of the union of the 
spaces BSol{q^'') , and that BSol{q) is homotopy equivalent to the homotopy 
fixed point set of an Adams map from BDI{A) to itself. 

We would like to define an infinite "linking system" ^ the union of the 

finite categories >C§oi(g"), and then set BSol{q°°) = |>C§oi(g°°)|^ ■ The difficulty 
with this approach is that a subgroup which is centric in the fusion system 
•^SoK?™") need not be centric in a larger fusion system J'SoliQ^'') (for m\n). To get 
around this problem, we define >Cg^j(g'") C C^^^{q'^^) to be the full subcategory 
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whose objects are those subgroups of S{q'^) which are ^goi(g°°) -centric; or 
equivalently ^goi(g'^) -centric for all k G nZ. Similarly, we define ^^pmil"^) 
be the full subcategory of ^Spi^iQ"') whose objects are those subgroups of S{q"') 
which are JFgpin(g°°) -centric. We can then define J-'^^^iiq'^) and >Cgp-j^(g'°°) to 
be the unions of these categories. 

For these definitions to be useful, we must first show that \jC-g^oii^"')\2 the 
same homotopy type as \^Soii^"^)\2 ■ This is done in the following lemma. 

Lemma 4.1 For any odd prime power q and any n>l, the inclusions 

l^foim^ C |>C§„i(9")|^ and |£rpin(?")l^ C 
are homotopy equivalences. 

Proof It clearly suffices to show this when n = 1 . 

Recall, for a fusion system over a p-group 5', that a subgroup P < 5 is 
-radical if Out^(P) is p-reduced; ie, if Op(Out^(P)) = 1. We will show 
that 

all .FsoK?) -centric .Fsoi(9) -radical subgroups of S{q) are .Fsoi (9°°) -centric (1) 
and similarly 

all .Fspin(?) -centric .Fspin(9)-i'adical subgroups of S{q) are .Fspm (9°°) -centric. (2) 

In other words, (1) says that for each P < S{q) which is an object of jO-^f^i{q) 
but not of m^iq), 02(0utjrg^j(g)(P)) 1. By [16, Proposition 6.1(ii)], this 
implies that 

A*(Out^3^.(,)(P);i7*(BP;F2)) = 0. 

Hence by [6, Propositions 3.2 and 2.2] (and the spectral sequence for a homotopy 
colimit), the inclusion £g^j(g') C C^^^{q) induces an isomorphism 

H* (|rs„i(g) I ; ¥2) H* {\CWl) I ; ^2) , 

and thus ^ \^kM2- The proof that \C'sliniQ)\2 ^ ^^^12 is 

similar, using (2). 

Point (2) is shown in Proposition A.12, so it remains only to prove (1). Set 
^ = -^SoK?), and set J^k = -^Soi(9^) for all 1 < < 00. Let E < Z{P) be the 
2-torsion in the center of P, so that P < Cs(q){E). Set 

{z) if ik{E) = 1 

{z,zi) ifrk(^)=2 

{z,zi,A) ifrk(£;)=3 

E if rk(£;) = 4 



E' = <^ 
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in the notation of Definition 2.6. In all cases, E is ^-conjugate to E' by 
Lemma 3.1. We claim that E' is fully centralized in J^^ for all A; < oo. This 
is clear when rk[E') = 1 [E' = Z{S{q^))), follows from Proposition 2.5(a) 
when Yk{E') = 2, and from Proposition A. 8(a) (all rank 4 subgroups are self 
centralizing) when rk(£'') = 4. If rk(£^') = 3, then by Proposition A.8(d), the 
centralizer in S'pm.^{q^) (hence in S{q^)) of any rank 3 subgroup has an abelian 
subgroup of index 2; and using this (together with the construction of S{q^) 
in Definition 2.6), one sees that E' is fully centralized in J^j.. 

li E' ^ E , choose if G B.om.jr(^E, S{q)) such that ip{E) = E' ; then if extends 
to 1^ G Homjr(C5(g)(£^), S{q)) by condition (II) in the definition of a saturated 
fusion system, and we can replace P by (p{P) and E by '^{E) . We can thus 
assume that E is fully centralized in Tk for each k < oo. So by [6, Proposition 
2.5(a)], P is -centric if and only if it is Cjf^. (-E) -centric; and this also holds 
when k = oo. Furthermore, since Outcjr{E){P) <1 Out^(P), 02{0utcyr(E){P)) 
is a normal 2-subgroup of Out^(P), and thus 

02(0utc^(E)(P)) < 02(0ut^(P)). 

Hence P is Cjf(-E) -radical if it is .?^-radical. So it remains to show that 

all Cjf(£?) -centric C:r(-E') -radical subgroups of S{q) are also (7;r^(£') -centric. 

(3) 

If vk{E) = 1, then C:f{E) = J'spM and Cj.^{E) = Tspmiq'^), and (3) 
follows from (2). If rk(£') = 4, then P = E = Cs(qoo){E) by Proposition 
A. 8(a), so P is ^centric, and the result is clear. 

If Tk{E) = 3, then by Proposition A. 8(d), C^(£^) C Cjr^(E) are the fusion 
systems of a pair of scmidircct products ^xiC2 < ^00X^^2, where A < A^o are 
abelian and C2 acts on A^o by inversion. Also, E is the full 2-torsion sub- 
group of Aoo, since otherwise rk(^oo) > 3 would imply ^00X^2 < Spin7((7°°) 
contains a subgroup Cf (contradicting Proposition A. 8). If P < ^, then either 
Outcjr{E){P) lias order 2, which contradicts the assumption that P is radical; 
or P is elementary abelian and Outcjr{E){P) = 1, in which case P < Z{AxC2) 
is not centric. Thus P ^ A; P H A > E contains all 2-torsion in and 
hence P is centric in AooXC'2. 

If rk(£') = 2, then by Proposition 2.5(a), Cj^^{E) and Cj^{E) are the fusion 
systems of the groups 

H{q'=-)^SL2{q°^f/{±{I,I,I)} (4) 

and 

H{q) = H{q^) n Spin7(g) > Ho{q) = SL2{qf/{±{I, I, I)}. 
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If P < S{q) is centric and radical in the fusion system of H{q) , then by Lemma 
A. 11(c), its intersection with H(j{q) = SL2{q)^/{±iI,I,I)} is centric and rad- 
ical in the fusion system of that group. So by Lemma A.ll(a,f), 

P n Ho{q) ^ (Pi X P2 X P3)/{±(/, /, /)} (5) 

for some Pj which are centric and radical in the fusion system of SL2{q) ■ Since 
the Sylow 2-subgroups of SL2{q) are quaternion [15, Theorem 2.8.3], the Pj 
must be nonabelian and quaternion, so each Pj/{ibl} is centric in PSL2{q°°). 
Hence P Ci HQ{q) is centric in S L2{q)^ / {±{1 , 1 , 1)} by (5), and so P is centric 
in H{q°°) by (4). □ 

We would like to be able to regard PSpin7(g) as a subcomplex of PSol(g) , but 
there is no simple natural way to do so. Instead, we set 

PSpi4(g) = \£f^M\2 C \jOU<i)\2 C PSol(g); 

then PSpiny(g) 2± PSpin7(g)2 by [5, Proposition 1.1] and Lemma 4.1. Also, 
we write 

BSol'iq) = \C^im^ C BSol{q) \C'soliQ)\^ 



to denote the subcomplex shown in Lemma 4.1 to be equivalent to PSol(g); 
and set 

pspi4(g-) = |rspi„((z-)|^ 

From now on, when we talk about the inclusion of PSpin7(g) into PSol(g), as 
long as it need only be well defined up to homotopy, we mean the composite 

BSpin^iq) ~ BSpiii'j{q) C PSol'(^) 

(for some choice of homotopy equivalence). Similarly, if we talk about the inclu- 
sion of BSol{q™') into BSol(q"') (for m\n) where it need only be defined up to 
homotopy, we mean these spaces identified with their equivalent subcomplexes 
BSol'iq"") C PSol'(g"). 

Lemma 4.2 Let q be any odd prime. Then for all n > 1, 
iI*(PSol(g");F2) > H*{BH{q''y,¥2f' 

(1) 

i7*(PSpin7(Q");F2) > H*{BH{q^);¥2) 

(with all maps induced by inclusions of groups or spaces) is a pullback square. 
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Proof By [6, Theorem B], H*{BSol{q'^);¥2) is the ring of elements in the 
cohomology of S{q^) which are stable relative to the fusion. By the construction 
in Section 2, the fusion in Sol(g") is generated by that in Spmj{q'^), together 
with the permutation action of C3 on the subgroup H{q^) < Spin^ and 
hence (1) is a pullback square. □ 



Proposition 4.3 For each odd prime q, there is a category ^-goiiQ^) ? together 
with a functor 

tt: £§„i(g~) ^ ^Soi(g~), 

such that the following hold: 

(a) For each n>l, 7r-i(J^Soi(9")) = >C^'oi(9")- 

(b) There is a homotopy equivalence 

SSol(g-)1^VLi(9°°)l2 ^ BDI{4) 

such that the following square commutes up to homotopy 
SSpi4(g°°)^ > 5Sol(g~) 



(1) 



BSpin(7)^ ^ BDI{4) . 

Here, rfo is the homotopy equivalence of [13], induced by some fixed choice 

of embedding of the Witt vectors for ¥q into C, while S{q°°) is the union 

of the inclusions |-Cspin(g")|2 ^ l'Csoi(^")l2 ; ^""^ ^ inclusion arising 

from the construction of BDI{4) in [9]. 

Furthermore, there is an automorphism ij)'^^ G Aut(£gQj(g°°)) of categories 
which satisRes the conditions: 



(c) the restriction of ip'^ to each subcategory C^^^il"') equal to the restric- 
tion of ^£ G Aut(£gQi(g")) as defined in Proposition 3.3(d); 

(d) ^£ covers the automorphism ip'j: of J^So\{<f°) induced by the held auto- 
morphism {x I— > x^); and 

(e) for each n, (V'^)" fixes 'Cg^,(q'"'). 



Proof By Proposition 2.11, the inclusions Spiny(g'") < Spiny((/"') for all m\n 
induce inclusions of fusion systems ^soi(5™) Q •^SoK'/") • Since the restriction of 
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a linking system over J^g^iiq^) is a linking system over ^goi(?"^) , the uniqueness 
of linking systems (Proposition 3.3) implies that we get inclusions C^^^{q'^) C 
£gQ[(g"). We define ^%oii^°°) *° union of the finite categories >Cg^j(g"'). 

(More precisely, fix a sequence of positive integers ni|n2|n3| • • ■ such that every 
positive integer divides some rii , and set 

oo 
i=l 

Then by uniqueness again, we can identify ^Soii^^) ^ ^^^'^ appro- 

priate subcategory.) 

Let tt: J~-so\i(l°°) ^ -^801(9°°) be the union of the projections from >Cg^j(g"'') to 

•^Sol('7"'') ^ •^Sol('?^)- Condition (a) is clearly satisfied. Also, using Proposition 
3.3(d) and Lemma 4.1, we see that there is an automorphism of ^so\(l°°) 
which satisfies conditions (c,d,e) above. (Note that by the fusion theorem as 
shown in [6, Theorem A. 10], morphisms in £goi((/") are generated by those 
between radical subgroups, and hence by those in >CgQj(g").) 

It remains only to show that |'CgQj(g°°)|2 — BDI{A), and to show that square 
(1) commutes. The space BDI{A) is 2-complete by its construction in [9]. By 
Lemma 4.1, 

H%BSoliq°°);¥2)=limH^\C'sol{Qn\-^2) =lun 

n n 

Hence by Lemma 4.2 (and since the inclusions BSpinjlq"') > i?Sol(g") com- 
mute with the maps induced by inclusions of fields F^m C F^n), there is a 
puUback square 

H*{BSo\{q'^y,¥2) ^ H*{BH{q°°);¥2f^ 

1 

//*(i?Spin7(g-);F2) > H* {BH{q°^)-¥2) . 

Also, by [13, Theorem 1.4], there are maps 

5Spin7(g°^) > 5Spin(7) and BH{q°°) > B{SU{2f /{±{I , I, I)}) 

which induce isomorphisms of F2-cohomology, and hence homotopy equiva- 
lences after 2-completion. So by Propositions 4.7 and 4.9 (or more directly 
by the computations in [9, section 3]), the puUback of the above square is the 
ring of Dickson invariants in the polynomial algebra H*{BC2;¥2) , and thus 
isomorphic to H*{BDI{A);¥2) . 

Point (b), including the commutativity of (1), now follows from the following 
lemma. □ 
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Lemma 4.4 Let X be a 2-complete space such that H*{X; ¥2) is the Dickson 

f 

algebra in 4 variables. Assume further that there is a map i?Spin(7) > X 

such that H*{f\ _BCf!^2) is the inclusion of the Dickson invariants in the poly- 
nomial algebra i?*(i?C2 ; IF2) • Then X ~ BDI{A). More precisely, there is a 
homotopy equivalence between these spaces such that the composite 

SSpin(7) > X ~ BDI{4) 

is the inclusion arising from the construction in [9]. 

Proof In fact, Notbohm [18, Theorem 1.2] has proven that the lemma holds 
even without the assumption about i?Spin(7) (but with the more precise as- 
sumption that H*{X; ¥2) is isomorphic as an algebra over the Steenrod algebra 
to the Dickson algebra). The result as stated above is much more elementary 
(and also implicit in [9]), so we sketch the proof here. 

Since H*{X;¥2) is a polynomial algebra, H*{Q,X;¥2) is isomorphic as a graded 
vector space to an exterior algebra on the same number of variables, and in 
particular is finite. Hence X is a 2-compact group. By [11, Theorem 8.1] (the 
centralizer decomposition for a p-compact group), there is an F2 -homology 
equivalence 

hocolim(a) — > X. 

A 

Here, A is the category of pairs (V, f) , where y is a nontrivial elementary 
abelian 2-group, and tp : BV > X makes H*{BV;¥2) into a finitely gen- 
erated module over H*{X;¥2) (see [10, Proposition 9.11]). Morphisms in 
A are defined by letting yior^{iy,ip), {V' ,^p')) be the set of monomorphisms 

V > V' of groups which make the obvious triangle commute up to homotopy. 

Also, 

a: A°P > Top is the functor a{V, 93) = Map(5F, X)^. 

By [9, Lemma 1.6(1)] and [17, Theoreme 0.4], A is equivalent to the category of 
elementary abelian 2-groups E with 1 < rk.{E) < 4, whose morphisms consist 
of all group monomorphisms. Also, if BC2 — ^ X is the restriction of / to any 
subgroup C2 < Spin(7) , then in the notation of Lannes, 

Tc,{H*{X;¥2y,ip*) = H*{BSpm{7y,¥2) 

by [9, Lemmas 16.(3), 3.10 and 3.11], and hence 

H*iMap{BC2,X)^;¥2) ^ H* {BSpm{7);¥2) 
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by Lannes [17, Theoreme 3.2.1]. This shows that 

(Map(SC2,X)^)^ ~ 5Spm(7)^, 

and thus that the centrahzers of other elementary abehan 2-groups are the 
same as their centralizers in i?Spin(7)2 • In other words, a is equivalent in 
the homotopy category to the diagram used in [9] to define BDI{A). By [9, 
Proposition 7.7] (and the remarks in its proof), this homotopy functor has a 
unique homotopy lifting to spaces. So by definition of BDI{4) , 

X ~ (hocolim(a))2 ^ BDI{A). □ 
A 

Set Bijji =^ |V-£|) a self homotopy equivalence of BSo\{q°°) ~ BDI{4). By 
construction, the restriction of BtJ/' to the maximal torus of SSol(g°°) is the 
map induced by x , and hence this is an "Adams map" as defined by 

Notbohm [18]. In fact, by [18, Theorem 3.5], there is an Adams map from 
BDI(4) to itself, unique up to homotopy, of degree any 2-adic unit. 

Following Benson [3], we define BDl4^{q) for any odd prime power q to be the 
homotopy fixed point set of the Z-action on BSo\{q°°) 2± BDI{4) induced by 
the Adams map Bi/j'^ . By "homotopy fixed point set" in this situation, we 
mean that the following square is a homotopy pullback: 

BDh{q) > 5Sol(g~) 

A 

B^o\{q°°) Ji:^!^ SSol(g~) x SSol(g°°). 

The actual pullback of this square is the subspace BSo\{q) of elements fixed by 
-8-05 , and we thus have a natural map BSol(g) ^ BDh{q) . 

Theorem 4.5 For any odd prime power q, the natural map 

BSo\{q) > BDh{q) 

is a homotopy equivalence. 

Proof Since BDI{A) is simply connected, the square used to define BDl4{q) 
remains a homotopy pullback square after 2-completion by [4, II. 5. 3]. Thus 

BDI/i{q) is 2-complete. Also, i?Sol(g)*== |>CgQj(g)|2 is 2-complete since |'CgQj((/)| 
is 2-good [6, Proposition 1.12], and hence it suffices to prove that the map 

Geometry & Topology, Volume 6 (2002) 



958 



Ran Levi and Bob Oliver 



between these spaces is an F2-cohomology equivalence. By Lemma 4.2, this 
means showing that the following commutative square is a puUback square: 



H*{BDh{q)-W2) 



H*{BH{q)-W^f^ 



(1) 



i7*(BSpin7(g);F2) > H*{BH{q)-¥2) . 

Here, the maps are induced by the composite 

SSpin7(g) ~ B^^in^{q)^^ C BSol(g) > BDh{q) 

and its restriction to BH{q) . Also, by Proposition 4.3(b), the following diagram 
commutes up to homotopy: 



5Spiny(g) 
BSo\{q) 



incl 



incl 



BSpmy{q°°) 
SSol(g°°) 



BSpin(7) 

s 

^ BDI{4) 



(2) 



By [12, Theorem 12.2], together with [13, section 1], for any connected reductive 
Lie group G and any algebraic epimorphism ip on G(Fq) with finite fixed 
subgroup, there is a homotopy pullback square 

incl 



B{G{¥gf)^ 

incl 



BG{¥g)^ 



(3) 



BG{¥g)^ X BG(¥g)^ . 

We need to apply this when G = Spiny oi G = H = {SL2f/{±{I,I,I)}. In 
particular, li if) = if)'^ is the automorphism induced by the field automorphism 

{x ^ x"), then Spin7(Fy)'^ = Spin7(g) by Lemma A.3, and if(Fy)'^ = H{q) =^ 
H{¥q) n Spin7(g). We thus get a description of 5Spiny(g) and BH{q) as 
homotopy pullbacks. 

By [13, Theorem 1.4], BG{¥q)2 — BG{C)2 ■ Also, we can replace the complex 
Lie groups Spin7(C) and H{C) by maximal compact subgroups Spin(7) and 

H = SU{2f/{±{I,I,I)}, since these have the same homotopy type. 



If we set m = H*{BG{¥g);¥2) 
Moore spectral sequences 



H*{BG{C);¥2), then there are Eilenberg- 



H*{B{G{¥gfy,¥2); 
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where the (9^ (g) 9^°p) -module structure on 9^ is defined by setting (a (g) b)-x = 
a-x-Bip{b) . When G = Spiny or H , then 91 is a polynomial algebra by Proposi- 
tion 4.7 and the above remarks, and ^-cts on 9\ via the identity. The above 
spectral sequence thus satisfies the hypotheses of [20, Theorem II. 3.1], and hence 
collapses. (Alternatively, note that in this case, E2 is generated multiplicatively 
by E^'* and E~^'* by (5) below.) Similarly, when 91 = i?* (51)1(4) ; F2) , there 
is an analogous spectral sequence which converges to H*(BDl4(q);¥2) , and 
which collapses for the same reason. By the above remarks, these spectral se- 
quences are natural with respect to the inclusions BH{—) C SSpiny(— ), and 
(using the naturality of -0^ shown in Proposition 3.3(d)) of BSpiny(— ) into 
5Sol(-) or BDI{A). 

To simplify the notation, we now write 

% = H*{BDI{A)-¥2), 05 =^i7*(5Spin(7);F2), and <t = H*{H-¥2) 

to denote these cohomology rings. The Probenius automorphism ip^ acts via 
the identity on each of them. We claim that the square 

Tor^^aop (21, 21) . Tor*c^^p (C, 

(4) 

Tor^^^op(»,») ^ Tor*^eop(e:,e:) 

is a pullback square. Once this has been shown, it then follows that in each 
degree, square (1) has a finite filtration under which each quotient is a pullback 
square. Hence (1) itself is a pullback. 

For any commutative F2 -algebra 9^, let ^^(h/f2 denote the 9^-module generated 
by elements dr for r G 9^ with the relations dr = if r G F2 , 

d{r + s) = dr + ds and d{rs) = r-ds + s-dr. 

Let f^^yp^ denote the ring of Kdhler differentials: the exterior algebra (over 

91) of r^fH/Fa = ^9^/F2' When 91 is a polynomial algebra, there are natural 
identifications 

TotI,^^, (91, 9^) ^ HH, (91; 91) ^ ^1*^/^^ . (5) 

The first isomorphism holds for arbitrary algebras, and is shown, e.g., in [25, 
Lemma 9.1.3]. The second holds for smooth algebras over a field [25, Theorem 
9.4.7] (and polynomial algebras are smooth as shown in [25, section 9.3.1]). In 
particular, the isomorphisms (5) hold for 91 = 21, !B,£, which are shown to be 
polynomial algebras in Proposition 4.7 below. Thus, square (4) is isomorphic 
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to the square 

(6) 



^2i/F2 * (^e:/F2)'^^ 



which is shown to be a puUback square in Propositions 4.7 and 4.9 below. □ 

It remains to prove that square (6) in the above proof is a pullback square. 
In what follows, we let Di{xi, . . . ,Xn) denote the i-th Dickson invariant in 
variables xi, . . . ,Xn. This is the (2"— 2'^~*)-th symmetric polynomial in the el- 
ements (equivalently in the nonzero elements) of the vector space {xi, . . . , Xn)^^ . 
We refer to [26] for more detail. Note that what he denotes Cn,i is what we call 

-^n— • • • ) ^n) • 

Lemma 4.6 For any n, 

Di{xi,. . . ,Xn+l) = Y\. {Xn+1 + X) + Di{xi, . . . ,Xn)'^ 

xe{xi,...,Xn) 



'2 
n 



~ "I" -^i(^l) • • • ) ^n) + Di(xi, . . . , Xnf' . 

1=1 

Proof The first equality is shown in [26, Proposition 1.3(b)]; here we prove 
them both simultaneously. Set Vn = {xi, . . . , Xn)]^^ ■ Since ai(Vn) = whenever 
2" — i is not a power of 2 (cf [26, Proposition 1.1]), 

2" 

Di{xi,...,Xn+l) = '^(Ji{Vn)-Cr2n-i{Xn+l + Vn) 

i=0 

n 

= n + X) + '^Di{xi, . . . ,Xn) -(Tin-i {Xn+1 + Hi) • 

Also, since ai{Vn) = for < i < 2"~^ as noted above, 

k 

ak{Xn+l + Vn) = ^4;i-(T-t)ai(Fn) 
i=0 

This proves the first equality, and the second follows since 

2" n 
Y[ (Xn+I+X) = xf.^i + ^x'^^-^'aiiVn) = xl^^ + ^xf.^^ Di{xi, . . .,Xn). □ 
xEV„ 1=1 i=l 



if < < 2^-1 

Di{xi,...,Xn) ifA; = 2"-i. 
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In the following proposition (and throughout the rest of the section) , we work 
with the polynomial ring ¥2[x, y, z, w] , with the natural action of GL4(F2) . Let 

GLi(F2), GLl(¥2) < GL4(F2) 

be the subgroups of automorphisms of V {x, y, z, w)^^^ which leave invariant 
the subspaccs {x,y) and {x,y,z), respectively. Also, let GL2/{¥2) < GL2(F2) 
be the subgroup of automorphisms which are the identity modulo {x, y) . Thus, 
when described in terms of block matrices (with respect to the given basis 
{x,y,z,w}), 

GLli¥2) = {{^^,)}, GLl{¥2) = {{U)} , and GL|(F2) = {(f Y)} , 

for A e GL3(F2), X a column vector, B,C e GL2(F2), and Y G M2(F2). 

We need to make more precise the relation between V (or the polynomial ring 
¥2[x,y, z,w]) and the cohomology of Spin(7). To do this, let W < Spin(7) be 
the inverse image of the elementary abelian subgroup 

( diag(-l, -1, -1, -1, 1, 1, 1), diag(-l, -1, 1, 1, -1, -1, 1), 

diag(-l,l,-l,l,-l,l,-l)) <S0(7). 

Thus, ^ C|. Fix a basis {v,r]',(,C} for W, where C e 2'(Spin(7)) is the 
nontrivial element. Identify V = W* in such a way that {x,y,z,w} C.V is the 
dual basis to {?7,r?',^, C}- This gives an identification 

H*{BW;¥2)=¥2[x,y,z,w], 

arranged such that the action of A^spin(7)(l^)/W^ on V = {x,y,z,w) consists 
of all automorphisms which leave {x,y,z) invariant, and thus can be identified 
with the action of GLf(F2). Finally, set 

H = Gspi„(7)(0 = Spin(4) xc, Spin(3) ^ SU i2f / {±{1 , 1 , 1)} 

(the central product). Then in the same way, the action of N-{W)/W on 
H*{BW;¥2) can be identified with that of GL|(F2). 

Proposition 4.7 The inclusions 

BW ^ BH > SSpin(7) > BDI{A) 

as deGned above, together with the identification H*{BW;¥2) = ¥2[x,y, z,w], 
induce isomorphisms 

^2i = H*{BDI{4y,¥2) = ¥2[x,y,z,wf''^^^'^ = ¥2[as,ai2,au,ai5] 

H*{BSpm{7);¥2) = ¥2[x,y,z,wf'''^^'^ = ¥2[b^,be,b7M (*) 

€ = H*{BH;¥2) = ¥2[x,y,z,wf'^l'^^^^ = ¥2[c2,C3,c'^,c'i]; 
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where 



as = Di{x,y,z,w), ai2 = D2{x,y, z,w) 



ai4 = Ds{x,y,z,w) 



ai5 = D4{x,y,z,w); 



64 = Di{x,y,z 



:), be = D2{x,y,z), b7 = Ds{x,y,z) 



n ("' + «); 



a£(x,y,z) 



and 



C2 = Di{x,y), C3 = D2{x,y), c'^ = ]J {z + a), 



4= n ("^+«)- 



ae{x,y) 



Furthermore, 

(a) the natural action of "E^ on H = SU (2)^ / {±{1 , 1 , 1)} induces the action 
on £ which fixes 02,03 and permutes {04, C4, C4 + C4}; and 

(b) the above variables satisfy the relations 



Proof The formulas for 21 = H*{BDI{4);¥2) are shown in [9]. Prom [9, 
Lemmas 3.10 and 3.11], we see there are (some) identifications 

H*{BSpm{7);¥2)^V2[x,y,z,wf^'^^^^ and H*{BH;¥2) ^¥2[x,y,z,wf^'^'^^^l 

Prom the explicit choices of subgroups W < H < Spin(7) as described above 
(and by the descriptions in Proposition A. 8 of the automorphism groups), the 
images of i7*(i3Spin(7); F2) and H*{BH;¥2) in ¥2[x,y, z,w] are seen to be 
contained in the rings of invariants, and hence these isomorphisms actually are 
equalities as claimed. 

We next prove the equalities in (*) between the given rings of invariants and 
polynomial algebras. The following argument was shown to us by Larry Smith. 
If /c is a field and V is an n-dimensional vector space over k, then a sys- 
tem of parameters in the polynomial algebra k[V] is a set of n homogeneous 
elements such that k[V]/{fi, . . . , fn) is finite dimensional over k. 

By [21, Proposition 5.5.5], if V is an n-dimensional A; [G] -representation, and 
/i)---)/n £ A;[F]'^ is a system of parameters the product of whose degrees 
is equal to then is a polynomial algebra with fi,...,fn as gen- 

erators. By [21, Proposition 8.1.7], ¥2[x,y, z,w] is a free finitely generated 



as = bs + h\ ai2 = bsb^ + 6g 014 = bsbe + 6y 
bi = c'^-\- c| be = C2C4 + c| 67 = C3C4 
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module over the ring generated by its Dickson invariants (this holds for poly- 
nomial algebras over any Fp), and thus ¥2[x,y, z,w]/{ag,ai2,ai4,ai5) is finite. 
(This can also be shown directly using the relation in Lemma 4.6.) So as- 
suming the relations in point (b), the quotients ¥2[x, y, z, w]/ (64, b^, 67, 63) and 
¥2[x,y, z,w]/{c2,cs,c'^,cfl) are also finite. In each case, the product of the de- 
grees of the generators is clearly equal to the order of the group in question, 
and this finishes the proof of the last equality in the second and third lines of 
(*)• 

It remains to prove points (a) and (b). Using Lemma 4.6, the Cj are expressed 
as polynomials in x,y,z,w as follows: 

C2 = Di{x,y) =x'^ +xy + y'^ 
C3 = D2{x,y) =xy{x + y) 

C4 = Di{x,y,z) + Di{x,y)'^ = + z'^Di{x,y) + zD2{x,y) = + z^ci -|- zcz 

c'l = Di{x,y,w) + Di{x,y)'^ = + w'^Di{x,y) +wD2{x,y) = + w^C2 + WC3 . 

In particular, 

c'^ + c'l = {z + w)'^ + {z + wfDi{x,y) + {z + w)D2{x,y)= JJ (z + w + a). (2) 

Furthermore, by (1), we get 

Sq\c2)=cs 

Sq\cs) = SqHc'^) = Sq\c'i) = 

Sq^{cs) = x^y^{x + y) + xy{x + yf = C2C3 

Sq^{d^) = z'^C2 + z^C2 + ZC2C2, = C2C4 (3) 

Sq\c'^) = Sq\c2c!i) = c^d^ 

Sq^{ci) = C2C4 

Sq\4)=c^di. 

The permutation action of S3 on = S'[/(2)^/{ib(/, /, /)} permutes the 
three elements C)'^)C + ^ of ^{H) C W, and thus (via the identification 
V = W* described above) induces the identity on x,y G V and permutes 
the elements {z, w^z + w} modulo {x, y) . Hence the induced action of S3 on 
£ = F2[y]'^''^2'('^2) jg restriction of the action on F2[V^] = F2[a:, y, z, w\ which 
fixes x,y and permutes {z,w^ z + w} . So by (1) and (2), wc sec that this action 
fixes C2,C3 and permutes the set {04,04,04 + C4}. This proves (a). 
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It remains to prove the formulas in (b). Prom (1) and (3) we get 

64 = Di{x,y,z) =C4^ + ci, 
be = D2{x,y,z) = Sq^{hi) = C2C4 + c|, 
67 = D^{x, y, z) = Sq^{b6) = C3C4. 
Also, by (1) and (2), 

bs = Y\. {w + 0() = Y\. {w + a)^ • ^ Y\_ {w + z + a)^ = c'l{c4 + C4). 

ae{x,y,z) oie{x,y) oi&(x,y) 

This proves the formulas for the 6j in terms of Ci . Finally, we have 

as = Di{x,y,z,w) = 68 + 64, 

012 = D2{x, y, z, w) = Sq\bs + bl) = Sq\4{c'^ + c'i) + (c^ + 4f) 
= c'^c'iic'^ + c'i) + clc'iic'^ + c'i) + c^c^2 + c| = 6s64 + hi 

ai4 = ^3(2;, y, z, w) = Sq^{ai2) = 020404(04 + C4) + 0^04(04 + C4) + 0^04^ 
= 6s66 + 67 

ai5 = 1)4(2;, y, w) = Sq^{ai4) = c^c^c^i{d^ + C4) = 6367 ; 
and this finishes the proof of the proposition. □ 

Lemma 4.8 Let k € Aut(er) be the algebra involution which exchanges 04 and 
c'i and leaves 02 and 03 fixed. An element of <t will be called "k— invariant" if 
it is fixed by this involution. Then the following hold: 

(a) If P is K-invariant, then /? G 21. 

(b) If P is such that is K-invariant, then (3 = P'-b\ for some (3' G 21. 

Proof Point (a) follows from Proposition 4.7 upon regarding 21, fB, and £ as 
the fixed subrings of the groups GL4(F2), GL\{¥2) and GL2i(^2) acting on 
'¥2[x,y,z,w\, but also follows from the following direct argument. Let m be 
the degree of /? as a polynomial in 6s j we argue by induction on m. Write 
(3 = Po + b'^'Pi, where /3i G 1F2[64, 65, 67] , and where /3o has degree < m (as 
a polynomial in 68). If m = 0, then /3 = /?i G F2[64,66,67] C F2 [02 , 03 , 04] , 
and hence P G F2 [02,03] since it is /c-invariant. But from the formulas in 
Proposition 4.7(b), we see that F2[64,66,67] nF2[o2,C3] contains only constant 
polynomials (hence it is contained in 21). 

Now assume m > 1. Then, expressed as a polynomial in 02,03,04,04, the 
largest power of 04 which occurs in P is 04^™. Since P is K-invariant, the 
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highest power of C4 which occurs is 04^"^; and hence by Proposition 4.7(b), the 
total degree of each term in Pi (its degree as a polynomial in 64,661^7) is at 
most m. So for each term 6466^7 in /3i , 

is a sum of terms which have degree < m in bg, and thus lies in 21 by the 
induction hypothesis. 

To prove (b), note first that since f3-c'^^ is K-invariant and divisible by C4*, it 
must also be divisible by C4*, and hence dl^\l3. Furthermore, by Proposition 
4.7, all elements of 58 as well as C4 are invariant under the involution which 
fixes C4 and sends C4 1— > C4 + C4. Thus (C4 + diy\(3. Since 68 = 04(04 + C4), we 
can now write (3 = (3'-hg for some /? G 58 . Finally, since 

= /3'-4^-cf -(4 + 4y 

is K-invariant, (3' is also /c-invariant, and hence /?' G 21 by (a). □ 



Note that C3 < E3 = GL2(F2) act on £ = ¥2[x,y,z,'wf^'i'^^'^) via the action 
of the group GL'2{¥2) / GL\,(¥2) ■, or equivalently by permuting C4, C4, and 
C4 + C4 (and fixing C2,c^). Thus 21 = *B fl (t*^^, since GL4(F2) is generated 
by the subgroups GL\i^2) and GL\{¥2)- This is also shown directly in the 
following lemma. 



Proposition 4.9 The following square is a pullhack square, where all maps 
are induced by inclusions between the subrings of ¥2[x, y, z, w] : 



a/F2 



(^C/Fa) 



C3 



n 



as/Fa 



Proof Let k be the involution of Lemma 4.8: the algebra involution of £ 
which exchanges C4 and c'l and leaves C2 and C3 fixed. By construction, all 
elements in the image of ^tg/f^ are invariant under the involution which fixes 
C4 (and C2 , C3 ) , and sends C4 to C4 + C4 . Hence elements in the image of i^^/p^ 
are fixed by C3 if and only if they are fixed by E3 , if and only if they are k- 
invariant. So it will suffice to show that all of the above maps are injective, and 
that all K-invariant elements in the image of ^'rg/f^ he in the image of ^^^yp^ • 
The injectivity is clear, and the square is a pullback for by Lemma 4.8. 
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Fix a «; -invariant element 
uj = Pi db^ + P2 dbe + P3 dbr + P4 dbs 
= P2C^ dc2 + Pac^ dc3 + P^c'^ dc'l + (^1 + P2C2 + P3C3 + P4C4) dc^ G J^^/fS > 

where Pj G 05 for each i. By applying k to (1) and comparing the coefficients of 
dc2 and dc^ , we see that P2C4 and P3C4 are K-invariant. Also, upon comparing 
the coefficients of dc'^ , we get the equation 

Pi + P2C2 + P3C3 + P4C4 = k{P4)cI (2) 

So by Lemma 4.8, P2 = P^ftg and P3 = P^bs for some P2,P3 e 21. Upon 
subtracting 

Pi dau + P3 dai5 = P2 dbe + P3 dbr + (P2&6 + P3&7) t^^'s 

from w and introducing an appropriate modification to P4 , we can now assume 
that P2 = P3 = 0. With this assumption and (2), wc have 

Pi + P4C4 = /«(P4C4) = k(P4)-C4, 

so that 

Pic^ = (P4 + ^{P4M4 (3) 

is K-invariant. This now shows that Pi = P{bs for some P{ € 21, and upon 
subtracting P{ dai2 from lo we can assume that Pi = . This leaves to = 
Pidfeg = PAdag. By (3) again, P4 is K-invariant, so P4 G 21 by Lemma 4.8 
again, and thus u G ^^^/jr^ • 

The remaining cases are proved using the same techniques, and so we sketch 
them more briefly. To prove the result in degree two, fix a K-invariant element 

a; = Pi db4 dbe + P2 db4 db-j + P3 db^ dbg + P4 db^ db-j + P5 db^ dbg + Pe db-j dbg 
= P4C4^ dc2 dc3 + (P1C4 + P4C3C4 + P5C4C4) dc2 dc'^ + P5C4^ dc2 dc'l 
+ (P2C4 + P4C2C4 + P6C4C4) dc3 dc'4 + Pec'4^ dc3 dc'l 
+ (P3C4 + P5C2C4 + P6C3C4) dc'4 dc'l € ^»/F2- 

Using Lemma 4.8, we see that P4 = P468, and hence can assume that P4 = 0. 
One then eliminates Pi and P2 , then P5 and Pe , and finally P3 . 

If 

u = Pi db4 dbe db-j + P2 db4 db^ dbg + P3 db4 db-j dbg + P4 dbe db-j dbg 
= {Pic'4^ + Pic'^'^c'l) dc2 dc3 dd^ + {P2c'^^ + P4C3C^^) dc2 dc'^ dc'l 

+ (P3C4^ + P4C2C4^) dC3 dc'4 dcl + Pl^^ dC2 dC3 dcl G 
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is K-invariant, then we eliminate successively Pi , then P4 , then P2 and P3 . 
Finally, if 

uj = P db^ dbg db'j dbs = Pc'{^ dc2 dc^ dc\ dc'[ £ ^^/Fj 
is K-invariant, then P = P'bg for some P' € 21 by Lemma 4.8 again, and so 

UJ = P' das dai2 dai^^ dais G ^2i/F2 • '-' 



A Appendix : Spinor groups over finite fields 

Let F be any field of characteristic 7^ 2. Let F be a vector space over P, and 

let b : y ^ P be a nonsingular quadratic form. As usual, 0(V, b) denotes 

the group of isometries of [V^ b), and SOiV, b) the subgroup of isometrics of 
determinant 1. We will be particularly interested in elementary abelian 2- 
subgroups of such orthogonal groups. 

Lemma A.l Fix an elementary ahelian 2-subgroup E < 0{V,b). For each 
irreducible character x G Hom(P, {±1}), let C.V denote the corresponding 
eigenspace: the subspace of elements v E V such that g{v) = for all 

g £ E. Then the restriction of b to each subspace is nonsingular, and V is 
the orthogonal direct sum of the . 

Proof Elementary. □ 

Wc give a very brief sketch of the definition of spinor groups via Clifford alge- 
bras; for more details wc refer to [8, section IL7] or [2, section 22]. Let T(y) 
denote the tensor algebra of V , and set 

C{V,b) =T{V)/{iv®v) - biv)) : 

the Clifford algebra of {V, b) . To simplify the notation, we regard P as a 
subring of C{V, b) , and F as a subgroup of its additive group; thus the class of 
ui • • • (8) Ufc will be written vi - ■ -Vk. Note that vw + wv = v,w E V and 
V -L w. Hence if dimF{V) = n, and {vi, . . . ,Vn} is an orthogonal basis, then 
the set of 1 and all Vi^ ■ ■ ■ Vi^, for ii < • ■ ■ < (1 < A; < n) is an P-basis for 
C{V,b). 
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Write C{V,b) = Co © Ci, where Cq and Ci consist of classes of elements 
of even or odd degree, respectively. Let G < C{V, b)* denote the group of 

invertible elements u such that uVu~^ = V , and let tt: G > 0{V, b) be the 

homomorphism 

I (f 1-^ —uvu~^) if M G Ci 
Tr{u) = < 

I I— uvu ) if u G Co . 

In particular, for any nonisotropic clement f € F (ie, b{v) ^ 0), v £ G and 
Tr{v) is the reflection in the hyperplane . By [8, section II.7], vr is surjective 
and Ker(7r) = F* . 

Let J be the antiautomorphism of C(y, b) induced by the antiautomorphism 
(g) • • • (g) i;^ I— > tifc (g) • • • (g) t!^ of T{V). Since 0{V, b) is generated by hyper- 
plane reflections, G is generated by F* and nonisotropic elements v E V. In 
particular, for any u = X-vi ■ ■ -Vk E G, 

J{u)-u = \^ ■ Vk ■ ■ ■ vi ■ vi ■ ■ ■ Vk = ■ b{vi) ■ ■ ■ b(ffc) € F* = Ker(7r); 

implying that 7r(J(u)) = Tr{u)~^ for all u E G. There is thus a homomorphism 

6: G y F* defined by 0{u) = u-J{u). 

In particular, 9{\) = for A G F* < G, while for any set of nonisotropic 
elements vi,. . . ,Vk of V , 

0{vi ■■■vk) = {vi ■ ■■Vk){vk ■■■vi) = b{vi) ■ ■ ■ b{vk). 

Hence 9 factors through a homomorphism 

9v,b ■■ 0{V, b) ^ F*/F*^ = F*/{u^ I u e F*}, 

called the spinor norm. 

Set G+ = 7T-^{SO(y, b)) = G n Co, and define 

Spin(y, b) = Kev{9\G+) and b) = KeTi9v,i,\so{V,b))- 

In particular, b) has index 2 in SO{V, b) if F is a finite field, and ^{V, b) = 
SO{V,b) if F is algebraically closed (all units are squares). We thus get a 
commutative diagram 
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(A.2) 




where all rows and columns are short exact, and where all columns are central 
extensions of groups. If dim(y) > 3 (or if dim(y) = 2 and the form b is hyper- 
boHc), then ^{V, b) is the commutator subgroup of SO{V, b) [8, section II.8]. 

The following lemma follows immediately from this description of Spin(y, b) , 
together with the analogous description of the corresponding spinor group over 
the algebraic closure of F. 

Lemma A. 3 Let F be the algebraic closure of F , and set V = F V and 
b = Id^ (8>b. Then Spin(y, b) is the subgroup of Spin(y, b) consisting of those 

elements fixed by all Galois automorphisms if) G Gal(F/F). □ 

For any nonsingular quadratic form b on a vector space V , the discriminant 
of b (or of y) is the determinant of the corresponding symmetric bilinear form 
B , related to b by the formulas 



b{v) = B{v,v) 



and 



B{v, w) = ^ {b{v + w) - b{v) - b{w)) . 



Note that the discriminant is well defined only modulo squares in F* . When 
W CV is a subspace, then we define the discriminant of W to mean the dis- 
criminant of b|vK- In what follows, we say that the discriminant of a quadratic 
form is a square or a nonsquare to mean that it is the identity or not in the 
quotient group F*/F*'^. 



Lemma A.4 Fix an involution x G SO{y,b), and let V 
eigenspace decomposition. Then the following hold. 



V+ e V- be its 



(a) X G ^{V, b) if and only if the discriminant of V- is a square. 
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(b) If X £ b), then it lifts to an element of order 2 in Spin(V, b) if and 
onfy if dim(F_) G 4Z. 

(c) If X E Q{V,b), and if a G Q{V,b) is such that [x.a] = I, then a = 
Q!_i_ © Q!_ , where a± G 0(y±, b) . Also, the liftings of x and a commute in 
Spin(y, b) if and only if det(a_) = 1. 



Proof Let {vi, . . . ,vi.} be an orthogonal basis for (k is even). Then x = 
Tr(vi - ■ -Vk) in the above notation, since 7r(i;j) is the reflection in the hyperplane 
. Hence by the commutativity of Diagram (A. 2), 

Ov.bix) = h{viy ■ -bivk) = det(b|v_) (mod F*^). 

Thus x G ^{V, b) = KcrlOy^b) if ^-nd only if V- has square discriminant. 

In particular, if x G ^{V, b) , then the product of the b(fj) is a square, and hence 
(upon replacing vi by a scalar multiple) we can assume that b{vi)- ■ •b(ufc) = 1. 

def — 

Then x = vi---Vk G Spin(F, b) = Ker(^). Since vw = —wv in the Clifford 
algebra whenever v J- w, and since (vi)'^ = b{vi) for each i, 

~2 ^ ._i)fc(fc-l)/2 , ^2. . J .2 ^ (_l^fe(fe-l)/2 = / 1 if ^ = ("lod 4) 
^ ^ V V fe^ V ; if A; = 2 (mod 4) . 

This proves (b). 

It remains to prove (c). The first statement (a = q+©q_) is clear. Fix liftings 
a± G C{V±, b)* . Rather than defining the direct sum of an element of C{V+, b) 
with an element of C(l/_, b), we regard the groups C{V±, b)* as (commuting) 
subgroups of C(y, b)*, and set 

5 = 5+ o 5_ = a_ o 5+ G Spin(F, b). 

Let x = v\- ■ -Vk be as above. Clearly, x commutes with all elements of C(V+, b) . 
Since 

{vi- ■ ■Vk)-Vi = (-l)''~^-t>j-(ur • -Vk) = -Vi-{vv ■ -Vk) 

for z = 1, . . . , fe, we have x-p = {-if-P-x for ah /3 G Ci{V-, b) (i = 0, 1). In 
particular, since [a+,5_] = 1, [x, 5] = [x,a_] = det(a_), and this finishes the 
proof. □ 



We will need explicit isomorphisms which describe Spin3(F) and Spin4(F) in 
terms of SL2{F). These are constructed in the following proposition, where 
M2{F) denotes the vector space of matrices of trace zero. Note that the de- 
terminant is a nonsingular quadratic form on M2{F) and on M2{F), in both 
cases with square discriminant. 
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Proposition A. 5 Define 

pr- SL^{F) .fi(MO(F),det) 

and 

PA- SL2{F) X SL2{F) > 0(M2(F),det) 

by setting 

P3{A){X) = AXA-^ and p^{A, B){X) = AXB'^. 
Tlien p3 and p^ are both epimorphisms, and lift to unique isomorphisms 

SL2{F) ^ — . Spin(M2°(F),det) 

and 

SL2{F) X SL2{F) ^ — > Spin(M2(F),det). 

Proof See [24, pages 142, 199] for other ways of defining these isomorphisms. 
By Lemma A. 3, it suffices to prove this (except for the uniqueness of the lifting) 
when F is algebraically closed. In particular, 

n{Ml{F), det) = SO{M^{F), det) and 0(M2(F),det) = 50(M2(F), det) 

in this case. 

For general V and b, the group SO{V,b) is generated by reflections fixing 
nonisotropic subspaces (ie, of nonvanishing discriminant) of codimension 2 (cf 
[8, section 11.6(1)]). Hence to see that p^ and p4 are surjective, it suffices 
to show that such elements lie in their images. A codimension 2 reflection in 
^©(Mg (-F), det) is of the form Rx (the reflection fixing the line generated by 
X) for some X G M^F) which is nonisotropic (ie, det{X) / 0). Since F 
is algebraically closed, we can assume X G SL2{F). Then X'^ = —I (since 
Tr(X) = and det(X) = 1), and Rx = P3{X) since it has order 2 and fixes 
X . Thus p3 is onto. 

Similarly, any 2-dimensional nonisotropic subspace W QV has an orthonormal 
basis {Y,Z}, and ZY~^ and Y~^Z have trace zero (since they are orthogonal 
to the identity matrix) and determinant one. Hence their square is —I, and 
one repeats the above argument to show that Rw = P4{ZY''^,Y~^Z). So p4 
is onto. 

The liftings pm exist and are unique since SL2{F) is the universal central 
extension of PSL2{F) (or universal among central extensions by 2-groups if 
F = ¥2,). □ 
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We now restrict to the case F = ¥q where q is an odd prime power. We refer to 
[2, section 21] for a description of quadratic forms in this situation, and the no- 
tation for the associated orthogonal groups. If n is odd and b is any nonsingular 
quadratic form on , then every nonsingular quadratic form is isomorphic to 
ub for some n G F* , and hence one can write SOn{q) = SO{¥'^, b) = SO{F^, ub) 
without ambiguity. If n is even, then there are exactly two isomorphism classes 
of quadratic forms on F^; and one writes SO^{q) = S0{¥''^, b) when b is the 
hyperbolic form (equivalently, has discriminant (—1)"/-^ modulo squares), and 
SO~{q) = SO{¥^,b) when b is not hyperbolic (equivalently, has discriminant 
(^_l)™/2.^ fQj. y g ]p* j^Q^ a square). This notation extends in the obvious way 
to n^{q) and Spin^(g). 

The following lemma docs, in fact, hold for for orthogonal representations over 
arbitrary fields of characteristic ^ 2. But to simplify the proof (and since we 
were unable to find a reference), we state it only in the case of finite fields. 

Lemma A. 6 Assume F = ¥q, where q is a power of an odd prime. Let 
V be an F -vector space, and let b be a nonsingular quadratic form on V. 
Let P < 0{V, b) be a 2subgroup which is orthogonally irreducible; ie, such 
that V has no splitting as an orthogonal direct sum of nonzero P -invariant 
subspaccs. Then dimpiV) is a power of 2; and if dim(y) > 1 then b has 
square discriminant. 



Proof This means showing that each orthogonal group 0{¥q^,b), such that 
either n is not a power of 2, or n = 2*^ > 2 and the quadratic form b has 
nonsquare discriminant, contains some subgroup 0^{q) x 0^_^{q) (for < 
m < ra ) of odd index. We refer to the standard formulas for the orders of these 
groups (see [24, p. 165]): if e = ±1 then 

n— 1 n 

10|„(g)l=2g"("-i)(g"-e)n(?''-l) and \02n+i{q)\ = 2q^' Hiq^' - 1) . 

i=l i=l 

We will also use repeatedly the fact that for all < i < 2^^ {k > 1), the largest 
powers of 2 dividing (g^*'"'"' — 1) and (g* — 1) are the same. In other words, 
(g2'+» - l)/{qi - 1) is invertible in Z(2) . 

For any n > 1 , 

|02n+i(g)| ^ .„ rf + e 

\0Uq)\-mq)\ 2 

is odd for an appropriate choice of e. Thus, there are no irreducibles of odd 
dimension. 
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Assume n is not a power of 2 , and write n = 2*^ + m where < m < 2*^ and 
A; > 1. Then 



\ot.^i{<i)mmi<i)\ ^ \L\ J \ 1"^-' J \ J' 

and each factor is invertible in Z(2). When n = 2m = 2^^ and A; > 1, then 
^2n(l) orthogonal group for the quadratic form with nonsquare discrim- 

inant, and 



n 



n 



and again each factor is invertible in Z(2) ■ Finally, 

\0,{q)\-\0,{q)\ 2 

is odd whenever q = 1 (mod 4) and e = — 1, or g = 3 (mod 4) and e = +1; and 
these are precisely the cases where the quadratic form on F^^ has nonsquare 
discriminant. □ 



We must classify the conjugacy classes of those elementary abelian 2~subgroups 
of Spiuy ((7) which contain its center. The following definition will be useful when 
doing this. 

Definition A. 7 Fix an odd prime power q. Identify SOjiq) = 50(F^, b) and 
Spin7(g) = Spin(F^,b), where b is a nonsingular quadratic form with square 
discriminant. An elementary abelian 2-subgroup of SOT{q) or of Spiny (g) will 
be called of type I if its eigenspaces all have square discriminant (with respect 
to b), and of type II otherwise. Let £n be the set of elementary abelian 2- 
subgroups in Spin7((j') which contain Z{SpmY{q)) = C2 and have rank n. Let 
and Ej^^ be the subsets of consisting of those subgroups of types I and 
II, respectively. 

In the following two propositions, we collect together the information which 
will be needed about elementary abelian 2-subgroups of Spin7(gf). We fix 
Spin7(g) = Spin(y,b), where F ^ F^, and b is a nonsingular quadratic form 
with square discriminant. Let z G Z(Spiny(Qi)) be the generator. For any 
subgroup H < Spiny(g) or any element g G Spiny(Q'), let H and g denote 
their images in ^Y{q) < SO'j{q). For each elementary abelian 2-subgroup 
E < Spin7(g), and each character x € Hom(£^, {±1}) , V^^ C. V denotes the 
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eigenspace of x (and Vi denotes the eigenspace of the trivial character). Also 
(when z e E), Aut{E,z) denotes the group of all automorphisms of E which 
send z to itself. 

Proposition A. 8 For any odd prime power q, the following table describes 
the numbers of S]im-j{q) -conjugacy classes in each of the sets S^^ and , the 
dimensions and discriminants of the eigenspaces of subgroups in these sets, and 
indicates in which cases Autspin7(g)(-E') contains all automorphisms which fix 
z. 



Set of sul)groups 




f' 


4' 


£{ 


Si' 


Nr. conj. classes 


1 


1 


1 


2 


1 


dim(Fi) 


3 


1 







4 


2 


1 


discr(Vi, b) 


square 


square 


nonsq. 






discr(y^, b), X 7^ 1 


square 


square 


nonsq. 


square 


both 


Autspi„^(g)(S) = Aut(£;,z) 


yes 


yes 


yes 


yes 


no 



There are no subgroups in £2 of type II, and no subgroups of rank > 5. Fur- 
thermore, we have: 



(a) For all Ee£^, Cspi„^(,)(i?) = E. 

(b) If E, E' e£i, then E' = gEg'^ for some g € SOriq), and E and E' are 
Spin-^ (q) -conjugate if and only if g G ^7{q) ■ 

(c) If E ^ £4^ , then there is a unique clement 1 ^ x = x{E) G E with the 
property that for 1 / x ^ Hom(i?, {±1}), V^. has square discriminant if 
x{x) = 1 and nonsquare discriminant if x(x) = — 1. Also, the image of 
Autspin7(g)(-S) in Aut{E) is the group of all automorphisms which send 

X to itself; and if X < E denotes the inverse image of {x) < E, then 
Autspjjj^(-^)(i5^) contains all automorphisms of E which are the identity on 
X and the identity modulo (z) . 

(d) If E & £2, then Cspin^(g)(£^) = AyiC2, where A is abelian and C2 acts on 
A by inversion. If E e £^' , then the Sylow 2-subgroups of Cspin^(q){E) 
are elementary abelian of rank 4 (and type II). 

Proof Write Spin = Spin7(g) for short. Fix an elementary abelian subgroup 
E < Spin such that z € E. 
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Step 1 We first show that rk(£') < 4, and that the dimensions of the eigen- 
spaces for X G Hom(£^, {±1}) are as described in the table. 

By Lemma A.4, every involution in E has a 4-dimensional (— l)-eigenspace. 
In particular, if rk(^) = 2, {E ^ C2), then dim(F^) = 4 for 1 7^ x ^ 
Hom(£^, {±1}), while dim(T/i) = 3. 

Now assume rk(£') = n for some n > 2. Assume we have shown, for all 
E' £ £n-i , that the eigenspace of the trivial character of E' is r-dimensional. 
For each 1 7^ x ^ Hom(£^, {±1}) , let E^ £ £n-i be the subgroup such that 
E-^ = Ker(x) ; then Vi © V-^ is the eigenspace of the trivial character of E^ = 
Ker(x), and thus dim(Vi) + dim(V^) = r. Hence all nontrivial characters of E 
have eigenspaces of the same dimension. Since there are 2^~^ — 1 nontrivial 
characters of E, we have dim(Vi) + (2"~^ — 1) dim(y^) = 7, and these two 
equations completely determine dim(Vi) and dim(K^). Using this procedure, 
the dimensions of the eigenspaces are shown inductively to be equal to those 
given by the table. Also, this shows that rk(i?) < 4, since otherwise rk(£') > 4, 
so the for x 7^ 1 must be trivial (they cannot all have dimension > 1), so £' 
acts on V via the identity, which contradicts the assumption that E < Spin7(Q') . 

Step 2 We next show that = , describe the discriminants of the eigen- 
spaces of characters of E for E £ £n (for all n), and show that subgroups of 
rank 4 are self centralizing. In particular, this proves (a) together with the first 
statement of (c). 

li E £ £2, then E = [z, g) for some noncentral involution g G Spin7((7) , and the 
eigenspaces oi E = (g) have square discriminant by Lemma A. 4(a) (and since 
the ambient space V has square discriminant by assumption). Thus £2^ = 0. 

If G 1S3, then the sum of any two eigenspaces of E is an eigenspace of g 
for some g G E\{z) . Hence the sum of any two eigenspaces of E has square 
discriminant, so either all of the eigenspaces have square discriminant {E e £^), 
or all of the eigenspaces have nonsquare discriminant {E G f|^). 

Assume rk(£') = 4. We have seen that all eigenspaces of E are 1 -dimensional. 

By Lemma A. 4(c), for each a G Cspin^(q){E) , o(V^) = for each x 7^ 1, and 
since dim(l^) = 1 it must act on each via it Id. Thus a G ^^7(3) has order 
2; let V± be its eigenspaces. Then dim(y_) is even since det(a) = 1, and 
V- has square discriminant by Lemma A.4(a). If dim(F_) = 4, then \a\ = 2 

(Lemma A. 4(b)), and hence a £ E since otherwise {E, a) would have rank 5. If 
dim(K_) = 2, then V- is the sum of the eigenspaces of two distinct characters 
Xi,X2 of E, there is some g & E such that Xi{9) X2{g), hence det{g\v_) = 
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Xi{9)X2{g) = —1; so [g,a] = z by Lemma A. 4(c), and this contradicts the 
assumption that [a,E] = 1. If dim(y_) = 6, then V- is the sum of the 
eigenspaces of all but one of the nontrivial characters of E, and this gives a 
similar contradiction to the assumption [a,E] = 1. Thus, Cgpiji^(g)(i?) = E. 

Now assume that E G , and let x G 07(5) be the element which acts via 
— Id on eigenspaces with nonsquare discriminant, and via the identity on those 
with square discriminant. Since b has square discriminant on V , the number of 
eigenspaces of E on which the discriminant is nonsquare is even, so x G ^riq) 
by Lemma A. 4(a), and lifts to an element x G Spiny(g). Also, for each g & E, 
the (— l)-eigenspace of g has square discriminant (Lemma A.4(a) again), hence 
contains an even number of eigenspaces of E of nonsquare discriminant, and 
by Lemma A. 4(c) this shows that [g,x] = 1. Thus x G Cspin^(^q){E) = E, and 
this proves the first statement in (c). 

Step 3 We next check the numbers of conjugacy classes of subgroups in each 
of the sets £^ and , and describe Autspin(£') in each case. This finishes the 
proof of (b) and (c), and of all points in the above table. 

From the above description, we see immediately that if E and E' have the same 
rank and type, then any isomorphism a G lso{E, E') , such that a{x{E)) = 
x{E') if E, E' G , has the property that for all x ^ Hom(^', {±1}) , and 
y^oQ have the same dimension and the same discriminant (modulo squares). 
Hence for any such a, there is an element g G OT{q) such that giV^aa) = Vx 
for all x; and a = G lso{E,E') for such g. Upon replacing g by —g if 
necessary, we can assume that g G SOj{q). This shows that 

E,E' have the same rank and type =^ E and E' are 507(g) -conjugate 

(1) 

and also that 

Autso.,,,iE) = Ml^ ^f^^i; (2) 

bo,{q}K I |Aut(E,x(£;)) iiEeSl^. ^' 

We next claim that 

E ^ f| ^ 37 G 507(5) \07(g) such that [7, E\ = l. (3) 

To prove this, choose 1-dimensional nonisotropic summands W '^V^ and W' C 
T^, , where ^-re two distinct characters of E^ and where W has square 

discriminant and W has nonsquare discriminant. Let 7 G SOflq) be the 
involution with (— l)-eigenspace Vt^ © VF'. Then [y,E] = 1, since 7 sends 
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each eigenspace of E to itself, and 7 ^ ^7{q) since its (— l)-eigenspace has 
nonsquare discriminant (Lemma A.4(a)). 

If E has rank 4 and type I, then Aut(i?) = GL3(F2) is simple, and in particular 
has no subgroup of index 2. Hence by (2), each element of Aut{E) is induced 
by conjugation by an element of 0,i{q). Also, if <? € SOi{q) centralizes E, then 
g{V^) = for all X G Hom(£J, {±1}) , g acts via —Id on an even number 
of eigenspaces (since it has determinant +1), and hence g G ^^7(5) by Lemma 
A.4(a). Thus 

E^ei=^ Nsorig){E)<n7{q) (4) 

If E ^ £[, then by (3), for any g G S07{q), there is 7 G S'07(g)\J77(g) such 
that Cg\E = Cgj\E, and either g or gj lies in ^7{q). Thus 180507(9) (-E'j -E'') ~ 
IsoQ^(^q^{E, E') for any E''. Together with (1), this shows that E is Spin- 
conjugate to all other subgroups of the same rank and type, and together with 
(2) it shows that 

r. .X . .-M fAut(l') if E ^SP 

im[Autsp,„(^) ^ Aut(^)] = use 4'. 

U E € £[, then by (4) and (2), Autf^^(g)(^) = Aut507(g)(^) = Aut(^), and 
so (5) also holds in this case. Furthermore, for any g G SOT{q)\il.'i{q) , E and 
gEg^^ are representatives for two distinct r27(g)-conjugacy classes — since by 
(4), no element of the cosct g-Q'j{q) normalizes E. 

We have now determined in all cases the number of conjugacy classes of sub- 
groups of a given rank and type, and the image of Autspin(-E) in Aut(£'). We 
next claim that if rk(£') < 4 or E G £[ , then 

E^Sl^ ^ Autspin(£^) > (a e A.nt{E) \ a[z) = z, a = Id (mod {z)) } . 

(6) 

Together with (5), this will finish the proof that Autspin(-£') is the group of all 
automorphisms of E which send z to itself. We also claim that 

EeSi^ =^ Autspin(£^) > {a G Aut(£;) | a\x =ldx, a = ld (mod (z))} , 

(7) 

where X < E denotes the inverse image of {x{E)) < E, and this will finish the 

proof of (c). 

We prove (6) and (7) together. Fix a G Aut(£') (a 7^ Id) which sends z to itself, 
induces the identity on E, and such that a\x = Idx if -E G . Then there 
is 1 7^ X £ Hom(£J, {±1}) such that a{g) = g when x{g) = 1 and a{g) = zg 
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when x{g) = — 1- Choose any character tp such that 7^ and V^^ ^ 0, and 
let W Q and W' C V^^ be 1-dimensional nonisotropic subspaces with the 
same discriminant (this is possible when E S f^^ since x{E) G Ker(x)). Let 
g € Oj{q) be the involution whose (— l)~eigenspace is Then g € 07(5) 

by Lemma A.4(a), so g lifts to 5 G Spin7(g), and using Lemma A.4(c) one sees 
that Cg = a. 

Step 4 It remains to prove (d). Assume E e £3. Let 1 = Xi, X2, X3, X4 be the 

four characters of E, and set Vi = V^^. Then dim(Vi) = 1, dim(Vi) = 2 for 
i = 2,3,4, and the Vi either all have square discriminant or all have nonsquare 
discriminant. For each g G Cspin(-E'), we can write g = ^f=igi, where gi G 
0{Vi, bi). For each pair of distinct indices i,j G {2,3,4}, there is some g & E 
whose (— l)-eigenspace is Vi(BVj, and hence det{gi(Bgj) = 1 by Lemma A. 4(c). 
This shows that the gi all have the same determinant. Let A < Cspin{E) be 
the subgroup of index 2 consisting of those g such that det{gi) = 1 for all i. 

Now, SOi{¥q) = 1, while S02{fq) = is the group of diagonal matrices 
of the form diag(u,u~^) with respect to a hyperbolic basis of F^^. Thus A 
is contained in a central extension of C2 by (Fg)'^, and any such extension 

is abelian since i/2((F*)^) = 0. Hence A is abelian. The groups 0^(g) are 
all dihedral (see [24, Theorem 11.4]). Hence for any g G Cspm{E)^A, g has 
order 2 and (— l)-eigenspace of dimension 4 (its intersection with each Vi is 
1-dimensional), and hence \g\ = 2 by Lemma A. 4(b). Thus all elements of 
Cspin(-E')\^ have order 2, so the centralizer must be a semidirect product of A 
with a group of order 2 which acts on it by inversion. 

Now assume that E G ie, that the Vi all have nonsquare discriminant. 
Then for i = 2,3,4, SO{Vi,bi) has order ^±1, whichever is not a multiple 
of 4 (see [24, Theorem 11.4] again). Thus if 5 G ^ < Cspm{E) has 2-power 
order, then gi = ±7 for each i , the number of i for which gi = Id is even (since 
the (— l)-eigenspace of g has square discriminant), and hence g & E. In other 
words, E G Syl2(A). A Sylow 2-subgroup of Cspin(-E) is thus generated by E 
together with an element of order 2 which acts on E by inversion; this is an 
elementary abelian subgroup of rank 4 , and is necessarily of type II. □ 

We also need some more precise information about the subgroups of Spiny (g) of 
rank 4 and type II. Let V'^ € Aut(Spin7(Fq)) denote the automorphism induced 
by the field automorphism (x x^). By Lemma A. 3, Spiny(g) is precisely the 
subgroup of elements fixed by V'^ • 
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Proposition A. 9 Fix an odd prime power q, and let z G Z(Spiny(g)) be the 
central involution. Let C and C denote the two conjugacy classes of subgroups 
E < Spin-j{q) of rank 4 and type I. Then the following hold. 

(a) For each E E 64, there is an element a G Spin7(F5) such that aEa"^ G C. 
For any such a , if we set 

xc{E)^^ a-^^'i{a), 
then xc{E) G E and is independent of the choice of a. 

(b) E eC if and only if xc{E) = 1, and E e C if and only if xc{E) = z. 

(c) Assume E G , and set t{E) = {z,xc{E)). Then rk(r(E)) = 2, and 

Autspin7(g)(-E) = (a G Aut(£;) | a|^(E) = Id}. 



The four eigenspaces of E contained in the {—l)-eigcnspacc of xc{E) 
all have nonsquare discriminant, and the other three eigenspaces all have 
square discriminant. 

Proof (a) For all £^ G £^4, E has type I as a subgroup of Spiny (g^) since 
all elements of ¥q are squares in ¥^2. Hence by Proposition A. 8(b), for all 

E' eC, there is a G SOjiq^) < ^jiq'^) such that dEa"^ = E' . Upon lifting d 
to o G Spmi{q'^), this proves that there is a G Spin7(Fg) such that aEa~^ G C. 

Fix any such a, and set 

X = xc{E) = a-V(a)- 

For all g E E, il)^{g) = g and ijj'i{aga~^) = aga~^ since E,aEa~^ < Spiny(g'), 
and hence 

aga~^ = ip'^{a)-g-ip'^{a~^) = a{xgx~^)a~^ . 

Thus, X G C'gpjj^ (-p ^ (E) , and so x & E since it is self centralizing in each 
Spiny(g'^") (Proposition A. 8(a)). 

We next check that xc{E) is independent of the choice of a. Assume a,b 
Spiny (Fq) are such that aEa~^ G C and bEb^^ G C. Then by Proposition 
A.8(b), there is g G Spin7(q') such that gbE{gb)~'^ = aEa"^ . Set E' = aEa~^ G 
C, then gba~^ G AT^^.^ ^- ^{E'). Furthermore, since Autgpiii^(5)(-E'') contains 

all automorphisms which send z to itself, and since E' is self centralizing in 
each of the groups Spin7(g'') (both by Proposition A. 8 again), we see that 
■^Spin (F )(-^') contained in Spiny (g). Thus, ba~^ G Spin7(g), so ip'^{ba~^) = 
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ha ^; and this proves that xc{E) = a ^'tp'<'{a) = b ^-0^(6) is independent of the 
choice of a. 

(b) If E eC, then we can choose a = 1, and so xc{E) = 1. 

If G C , then by Proposition A.8(b), there is a G Spin7(g^) such that a G 
SOT{q)\Q7{q) and aEa"^ G C. Then ^'^{a) ^ a since a ^ Spiny(g) (Proposi- 
tion A.3), but ■0^(o) = d since d G SO'jlq). Thus, xc{E) = a~^'tl;i{a) = z in 
this case. 

We have now shown that xc{E) G (z) if E has type I, and it remains to prove 
the converse. Fix a G Spin7(Fq) such that aEa~^ G C. If xc{E) G (z) , then 
■0^(a) G {a, 2;a}, so = a, and hence a G SO-j{q). Conjugation by an 

element of SO'j{q) sends eigenspaces with square discriminant to eigenspaces 
with square discriminant, so all eigenspaces of E must have square discriminant 
since all eigenspaces of aEa~^ do. Hence E has type I. 

(c) Now write Spin = Spin7(g) for short. Assume E G f^^, and set x = xc{E) 
and t{E) = {z,x). Then x ^ (z) by (b), and thus t{E) has rank 2. 

By (a) (the uniqueness of x having the given properties), each element of 
Autspin(^) restricts to the identity on t{E) . We have already seen (Proposition 
A. 8(c)) that there is an element x{E) G E such that the image in Aut{E) of 
Autspin(-E') is the group of automorphisms which fix x{E), and this shows that 
x{E) = x: the image in E of .t. Since we already showed (Proposition A. 8(c) 
again) that Autspin(i?) contains all automorphisms which arc the identity on 
t{E) and the identity modulo {z) , this finishes the proof that Autspm(-£') is 
the group of all automorphisms which are the identity on r{E) . The last state- 
ment (about the discriminants of the eigenspaces) follows directly from the first 
statement of Proposition A.8(c). □ 

Throughout the rest of the section, we collect some more technical results which 
will be needed in Sections 2 and 4. 

Lemma A. 10 Fix k>2. Let A = 613(2'=-^) G GL^{'L/2^) he the elementary 
matrix which has off diagonal entry 2*~^ in position (1,3). Let Ti and T2 be 
the two maximal parabolic subgroups of GL^{2) : 



Ti = GL\ 



(Z/2) = {(ai,)GGL3(2)|a2i 



asi = 0} 



and 



T2 = GL?(Z/2) = {{aij) G GL^{2) \ agi 



032 = 0} . 
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Set To = Ti n T2 : the group of upper triangular matrices in GL3 (2) . Assume 
that 

in: .5^3(^/2'=) 

are hfts of the inclusions (for i = 1,2) such that /xi|to = A*2|to- Then there is 
a homomorphism 

fi: GL3(2) .5L3(Z/2^) 

such that = A*i, and either //|t2 = A*2, or //|t2 = ca° IJ'2- 

Proof We first claim that any two liftings a, a': T2 SL^{1a/2^) are con- 
jugate by an element of SL^{'L/2^) . This clearly holds when /c = 1, and so we 
can assume inductively that a = a' (mod 2^-1). Let M^{¥2) be the group of 
3x3 matrices of trace zero, and define p: T2 > M^Fs) via the formula 

a'{B) = {I + 2^-'p{B)ya{B) 

for B eT2. Then p is a 1-cocycle. Also, H^{T2; (IF2)) = by [9, Lemma 4.3] 
(the module is F2[r2] -projective), so p is the coboundary of some X G M3 (F2) , 
and a and a' differ by conjugation by J + 2^~^X . 

By [9, Theorem 4.1], there exists a section /x defined on GL^{2) such that 
= p-i- Let B G SL^{'L/2^) be such that ii\t2 = CB°p2- Since /ij-i;, — /X2|to) 
B must commute with all elements in p{To) , and one easily checks that the 
only such elements are A = 613 (2^^"^) and the identity. □ 

Recall that a p-subgroup P of a finite group G is p -radical if Ng{P)/P is p- 
reduced; ie, if Op{Ng{P) / P) = 1- (Here, Op(— ) denotes the largest normal p- 
subgroup.) We say here that P is !Fp{G) -radical if OutG(P) (= Out-f^(^Q^{P)) 
is p-reduced. In Section 4, some information will be needed involving the 
^2 (Spin7(g)) -radical subgroups of Spin7(g) which are also 2-centric. We first 
note the following general result. 

Lemma A. 11 Fix a finite group G and a prime p. Then the following hold 
for any p-subgroup P < G which is p-centric and Tp{G) -radical. 

(a) If G = Gi X G2, then P = Pi x P2, where Pi is p-centric in Gi and 
J-p{Gi) -radical. 

(b) If P < H <\ G, then P is p-ccntric in H and J-p(H) -radical. 

(c) If H <\G has p-power index, then PnH is p-centric in H and J^p{H)- 
radical. 
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(d) If G < G has p-power index, then P = G (1 P for some P < G which is 
p -centric in G and J^p{G) -radical. 

(e) If Q <\ G is a central p -subgroup, then Q < P, and P/Q is p-centric in 
G/Q and !Fp{G/Q) -radical. 

(f) If G » G is an epimorphism such that Ker(a) < Z{G), then a~^{P) 

is p-centric in G and J^p{G) -radical. 

Proof Point (a) follows from [16, Proposition 1.6(ii)]: P = P1XP2 for Pi < Gi 
since P is p-radical, and Pi must be p-centric in Gi and jFp(Gj) -radical since 

CaiP) = CG.iPi) X CgAP2) and OutG(P) = Outpi(Gi) x Outp^CGa). 
Point (b) holds since Cif(P) < Cg(P) and Op(Outif(P)) < Op(OutG(P)). 
It remains to prove the other four points. 

(e) Fix a central p-subgroup Q < Z{G). Then P > Q, since otherwise 
1 ^ Nqp{P)/P < Op{Ng{P)/P). Also, P/Q is p-centric in G/Q, since 
otherwise there would be a; G G\P of p-power order such that 

1 ^ [c^] e Ker[OutG(P) > OntG/qiP/Q) x OutG(Q)] < Op(OutG(P)). 

It remains only to prove that P/Q is J^p{G/Q)-T&dical, and to do this it suffices 
to show that 

OutG/Q(P/Q) = OutG(P). 
Equivalently, since P/Q and P arc p-ccntric, wc must show that 

NG/QjP/Q) ^ NGjP) 

C'a/Q{P/Q)xP/Q G'a{P)xP' 
and this is clear once we have shown that 

C'g/q{P/Q) = C'g{P)- 

Any X € Cqiq{P/Q) lifts to an element x G G of order prime to p, whose 
conjugation action on P induces the identity on Q and on P/Q. By [15, 
Corollary 5.3.3], all such automorphisms of P have p-power order, and thus 
X centralizes P. Since Q is a p-group and Cq^q{P/Q) has order prime to p, 
this shows that the projection modulo Q sends Cq^q{P/Q) isomorphically to 

C'g{P)- 



Qeometry & Topology, Volume 6 (2002) 



Construction of 2-local finite groups 



983 



(f) Let G " » G be an epimorphism whose kernel is central. Clearly, a~^P 
is p-centric in G. It remains only to prove that a~^P is J^p(G) -radical, and 
to do this it suffices to show that 

Outg(a-^P) ^ OutG(P). 

Equivalently, since P and a~^{P) are p-centric, we must show that 

Ncia-'P) ^ Ng{P) 
C'~{a-^P) X a-iP C'q{P) x P' 

and this is clear once we have shown that 

C'^ia-'P) - C'ciP). 

This follows by exactly the same argument as in the proof of (e). 

(c) Set P' = PnH for short. Let 

NniP') ^ OntniP') ^ Nh{P')/{Ch{P')-P') 

be the natural projection, and set 

K = 7r-nOp(Outij(P'))) < Nh{P'). 

Then K > Op{Nh{P')) is an extension of Ch{P')-P' by C>p(Out//(P')) • It 
suffices to show that p\ [K:P'], since this implies that Op(Out//(P')) = 1 (ie, 
P' is -radical), and that any Sylow p-subgroup of Ch{P') is contained 

in P' (hence P' is p-centric m. H). 

Assume otherwise: that p|[i<r:P']. Note first that P' < Ng{P), and that 
Ng{P) < Ng{K); ie, Ng{P) normalizes P' and K. The first statement is 
obvious, and the second is verified by observing directly that Ng{P) normalizes 
NffiP') and Ch{P')- Thus the action of Ng{P) on K induces an action of 
Ng{P) , and in particular of P, on K/P' . Let Kq/P' denote the fixed subgroup 
of this action of P. Since ^)|[i^:P'] by assumption, and since P is a p-group, 
p\ \Kq/ P'\ . A straightforward check also shows that Kq <\ Ng{P) , and therefore 
that PKq O Ng{P). Also, since P' < Kq < H , 

PKo/P ^ Ko/iP n Ko) = Ko/P' 

is a normal subgroup of Ng{P) /P of order a multiple of p . Since P is p-centric 
in G by assumption, 

OutG(P) = NGiP)/iCGiPyP) = Ng{P)/{C'g{P) X P), 

and hence the image of PKq/P in OutG(P) is a normal subgroup which also 
has order a multiple of p. 
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By definition of K as an extension of Ch{P')-P' by a p-group, if x G K has 
order prime to p, then x € C}i{P') ■ Hence if x € Kq has order prime to p, then 
for every z & P, [x,z] & P' , so x acts trivially on P/P' . Since x also centralizes 
P' , it follows that x centralizes P. This shows that the image of PKq/P in 
Out(3(P) is a ^?-group, thus a nontrivial normal p-subgroup of OutG(i'), and 
this contradicts the original assumption that P is .Fp(G) -radical. 

(d) Let G < G be a normal subgroup of p-power index and let P < G be a 
p-centric and J^p(G) -radical subgroup. Let 

N^{P) ^ Out^(P) - N^{P)/{C^{PyP) 

be the natural surjection, and set 

K = 7r-'{0,{0nt^{P))) < N^{P). 

Then K is an extension of C^{P)-P by Op(Out^(P)). Fix any P G Sylp(i^). 
We will show that PCiG = P, and that P is p-centric in G and ^p(G) -radical. 

For each xeKnG< Ng{P) , 

Tr{x) G Op(Out^(P)) n OutG(P) < Op(OutG(P)) = L 

Hence 

a;GKer[iVG(P) > Out^(P)] = (G^(P)-P) nG = Gg(P) • P = G^(P) x P, 

where C'q{P) < Cg{P) is of order prime to p. Since the opposite inclusion is 
obvious, this shows that K P[G = C'q{P) x P, and hence (since P G Sylp(i^)) 
that PnG = P. 

Next, note that (KnG) < K and K/{Kr\G) < G/G, and hence K/C'q{P) has 
p-power order. Since P G Sylp(iC), P is an extension of P by K / [K f\G) , and 
Nk{P) is an extension of a subgroup of (KnG) = (G^(P) x P) by K/{KnG) . 
Also, an element x G Cq{P) normalizes P if and only if [x,P] G PnCQ{P) = 1 . 
Hence 

A^k(P) = Ck{P)-P = C'g{P) X P, (1) 

where Cq{P) = Cq{P) D Cg{P) has order prime to p and is normal in Nk{P)- 
Since G^(P) < G^(P) < K, (1) shows that G^(P) < G^(P) x P, and hence 
that P is p-centric in G. 

It remains to show that P is .7-'p(G) -radical. Note first that K <l N^{P) 
by construction, so for any x G N^[P), xPx'^ G Sylp(i^). Since K is an 
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extension of Cq{P) x P by the p-group K/{K n G) , and since Cq{P) < K , it 
follows that K is a split extension of Cq{P) by P. Hence for any x G Nq{P) > 
xPx~^ = yPy~^ for some y G Cq{P). Consequently, the restriction map 

N^(P)/C^(P) ^ Aut^(P) > Aut^(P) - 7V-(P)/C^(P) (2) 

is surjcctivc. Also, if x G C^{P) < K normalizes P, then x G Nk{P) — 
P X C'q{P) by (1), and so Cx G Inn(P). Thus the kernel of the map in (2) is 
contained in Inn(P) . Consequently, 

Outg(P) = Autg(P)/Inn(P) ^ Autg(P)/ Aut^(P) ^ Outg(P)/Op(Outg(P)), 
and it follows that P is ^p(G) -radical. □ 

This is now applied to show the following: 

Proposition A. 12 Fix an odd prime power q, and let P < Spin7(g) be any 
subgroup which is 2-centric and J^2{Spinj{q)) -radical. Then P is centric in 
Spin,(F,);ie,C3p^^^(^^)(P) = Z(P). 

Proof Let z be the central involution in Spiny (g) . By Lemma A. 11(e), z e P, 

— def 

and P = P/{z) is 2-centric in ^jiq) and is JF2(ri7(q')) -radical. So by Lemma 
A. 11(d), there is a 2-subgroup P < 07(g) such that P nQ7{q) = P, and such 
that P is 2-centric in O^lq) and is JF2 (07(g)) -radical. 

Let V = ©™ X Vi be a maximal decomposition of V as an orthogonal direct 
sum of P-representations, and set = b|y. . We assume these are arranged so 
that for some k, dim(Vi) > 1 when i < k and dim(Vi) = 1 when i > k. Let V+ 
be the sum of those 1— dimensional components Vi with square discriminant, 
and let V- be the sum of those 1-dimensional components Vi with nonsquare 
discriminant. We will be referring to the two decompositions 

m k 

{V, b) = 0(y,, bi) = 0(y,, bi) e {v+, b+) e (F-, b-), 

i=l i=l 
both of which are orthogonal direct sums. We also write 

= F, V and = F, Vi, 

and let b^°°^ and b^°°^ be the induced quadratic forms. 
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Step 1 For each i, set 

Di = {±Idv,}<0{Vi,bi), 
a subgroup of order 2; and write 

m 

D = YlDi< 0{V, b), and D± = JJ A < 0{V±, b±). 

i=l ViCV± 

Thus D and D± arc elementary abehan 2-groups of rank m and dim(V±), 
respectively. We first claim that 

P>D, (1) 

and that 

m 

P = JJPi where Vi, Pi is 2-centric in 0{Vi, bj) and T2{0{Vi, bj))-radical. 

i=l 

(2) 

Clearly, [D,P] = 1 (and is a 2-group), so I? < P since P is 2-centric. 
This proves (1). The Vi are thus distinct (pairwise nonisomorphic) as P- 
representations, since they are pairwise nonisomorphic as D -representations. 
The decomposition as a sum of Vi 's is thus unique (not only up to isomorphism), 
since Homp(Vi, Vj) = iov i ^ j . 

Let C be the group of elements of 0{V, b) which send each Vi to itself, and let 
be the group of elements which permute the Vi. By the uniqueness of the 
decomposition of V , 

m 

P-Coiv,b){P) <C = l[0{Vi, bi) and iVo(y,b)(-P) < N. 

i=l 

Since P is 2-centric in 0{V,b) and T2{0{V,b)) -radical, it is also 2-centric in 
and .7^2 (-A^) -radical (this holds for any subgroup which contains No(v,b)iP))- 
So by Lemma A. 11(b) (and since C < A'^), P is 2-centric in C and T2{C)- 
radical. Point (2) now follows from Lemma A. 11 (a). 

Step 2 Whenever dim(Vi) > 1 (ic, 1 < i < /c), then by Lemma A. 6, dim(Vi) is 
even, and bi has square discriminant. So by Lemma A. 4(a), — Idy. G r2(Vi,bj) 
for such i. Together with (1), this shows that 

_ k 

p = pnn7{q) > JJa X (^^(y+,b+)nP>+) x (^^(y_,b_) np>_) . (3) 
1=1 
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Also, by Lemma A. 4(a) again, 

{n{v±, b±) n D±) = {so{v±,b±) n d±) 

= {-Idv.evj \ k+l<i<j <m, Vi, Vj C 

Step 3 By (3) and (4), the Vi are distinct as P-representations (not only as 
P-representations) , except possibly when dim(V±) = 2. We first check that 
this exceptional case cannot occur. If dim(V^) = 2 and its two irreducible 
summands are isomorphic as P-representations, then the image of P under 
projection to 0{V+, b+) is just {±Idy_^}. Hence we can write V+ = W ® W , 
where W-LW' are 1-dimensional, P-invariant, and have nonsquare discrim- 
inant. Also, dim(y_) is odd, since V+ and the for i < fc are all even 
dimensional. So —ldv_ew lies in C^^(^q^{P) but not in P. But this is im- 
possible, since P is 2-centric in ^^{q). The argument when dim(y_) = 2 is 
similar. 

The Vi are thus distinct as P-representations. So for all i ^ j ■, Homp(V^, Vj) = 
0, and hence 

Hom^^j^,(y/~\ - F, HomF,[P](yi, Vj) = 0. 

Thus any element of 0{V^'^\b^'^'') which centralizes P sends each V^^""-* to 
itself. In other words, 

m 
i=l 

If dim(V±) > 2, then since P contains all involutions in 0{V±,b±) which 
are P-invariant and have even dimensional (— l)-eigenspace (see (3)), Lemma 
A. 4(c) shows that each element of Spiny(]Fq) which commutes with P must act 
on V± via ±Id. Also, for I <i <k, since — My. G P by (3), each element in 
the centralizer of P acts on Vi with determinant 1 (Lemma A.4(c) again). We 
thus conclude that 

k 

^Spin,(F,)(^)/(^) <llSO{vl'^\bt^) X {±IdyJ X {±Idy_}. (5) 
i=l 

Step 4 We next show that 

k 

<^Spin,(F,)(^)/(^) ^ n^^MyJ X {ildyj X {±Idy_}. (6) 

" i=l 
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Using (5), this means showing, for each 1 <i < k, that 

MC^,^n,iijP)/{z))<{±ldy,}; (7) 

where pr^ denotes the projection of 07(^9) = 0{V^'^\ b(°°)) to 0(k/°°\ bj°°^) . 
By Lemma A. 6, dim(Vi) = 2 or 4. We consider these two cases separately. 

Case 4A If dim(Fi) = 4, then by (2) and Lemma A.ll(c), P'- =^ Pinn{Vi, bi) 
is 2-centric in bi) and is J-2{0,{Vi, bj))-radical. Also, by Proposition A. 5, 

n{Vi, bi) ^ n+{q) ^ SL2{q) xc, SL2{q). 

By Lemma A.ll(a,f), under this identification, we have P/ = Q Q' ^ where 
Q and Q' are 2-centric in SL2{q) and .7-2 (5'L2('7)) ^radical. The Sylow 2- 
subgroups of SL2{q) are quaternion groups of order > 8, all subgroups of a 
quaternion 2-group are quaternion or cyclic, and cyclic 2-subgroups of SL2{q) 
cannot be both 2-ccntric and JF2(5'L2(g)) -radical. So Q and Q' must be 
quaternion of order > 8. By [23, 3.6.3], any cyclic 2-subgroup of SL2{¥q) 
of order > 4 is conjugate to a subgroup of diagonal matrices, whose central- 
izer is the group of all diagonal matrices in SL2{¥q). Knowing this, one easily 
checks that all nonabelian quaternion 2-subgroups of SL2{¥q) are centric in 
SL2{¥q). It follows that P/ is centric in 

SO{vl°°\ bf^^) - SL2{¥q) Xc, SL2(¥q), 

and hence that 

Thus (7) holds in this case. 

Case 4B If dim(Fj) = 2, then 0{Vi,bi) = Of{q) is a dihedral group of 
order 2(g=F 1) [24, Theorem 11.4]. Hence Pi € Syl2(0(yi, bi)), since the Sylow 
subgroups are the only radical 2-subgroups of a dihedral group. Fix Vj for 
any k < j < m, and choose a G 0{Vi,bi) of determinant (—1) whose (— 1)- 
eigenspace has the same discriminant as Vj. Since Pi G Syl2(0(Vi, b^)), we can 
assume (after conjugating if necessary) that a G Pi. Then (— Idy^.) © a lies in 

P = Pnnr{q). Henceforany 5GCgp.^^(^^)(P)/(z), pr,(5) G 0(y/°°\ bf )) 

leaves both eigenspaces of a invariant, and has determinant 1 by (5). Thus 
prj((7) = ibldy. ; and so (7) holds in this case. 

Step 5 Clearly, — Idv'_j_ lies in SO(y±,b±) if and only if dim(y-j-) is even 
(which is the case for exactly one of the two spaces V± ) , and this holds if and 
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only if —ldv± G ^{V±,b±). Also, since each Vi for 1 < i < /c has square 
discriminant (Lemma A.6 again), —My. G n{Vi,hi) for all such i. Thus (6) 
and (1) imply that 

and hence that P is centric in Spin7(Fg). □ 

Proposition A. 12 does not hold in general if Spiny ( — ) is replaced by an arbitrary 
algebraic group. For example, assume q is an odd prime power, and let P < 
SL5{q) be the group of diagonal matrices of 2-power order. Then P is 2-centric 
in SL5{q) and .?^2('S'L5(g))-radical, but is definitely not 2-centric in SL5{¥q). 
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Abstract A p-local finite group is an algebraic structure with a classifying 
space which has many of the properties of p-completed classifying spaces 
of finite groups. In our paper [2], wc constructed a family of 2-local finite 
groups which are "exotic" in the following sense; they are based on certain 
fusion systems over the Sylow 2-subgroup of Spin7(g) {q an odd prime 
power) shown by Solomon not to occur as the 2-fusion in any actual finite 
group. As predicted by Benson, the classifying spaces of these 2-local finite 
groups are very closely related to the Dwyer-Wilkerson space BDI{4) . An 
error in our paper [2] was pointed out to us by Andy Chermak, and we 
correct that error here. 

Keywords Classifying space, p-completion, finite groups, fusion 
AMS Classification 55R35; 55R37, 20D06, 20D20 

A saturated fusion system over a finite p-group 5 is a category whose objects 
are the subgroups of S , whose morphisms are all monomorphisms between the 
subgroups, and which satisfy certain axioms first formulated by Puig, and also 
described at the start of the first section in [2]. The main result of [2] is the 
construction of saturated fusion systems over certain 2-groups, motivated by a 
theorem of Solomon [22], which implies that these systems cannot be induced 
by fusion in any finite group. Recently, Andy Chermak has pointed out to us 
that the fusion systems actually constructed in [2] are not saturated (do not 
satisfy all of Puig's axioms). In this note, we describe how to modify that 



© Geometry & Topology Publications 



3002 



Ran Levi and Bob Oliver 



construction in a way so as to obtain saturated fusion systems of the desired 
type, and explain why all of the results in [2] (aside from [2, Lemma A. 10]) are 
true under this new construction. 

The following is the main theorem in [2]: 

Theorem 1.2 [2, Theorem 2.1] Let q be an odd prime power, and Gx S e 
Syl2(Spin7(5)) . Let z G 2'(Spin7(g)) be the central element of order 2. Then 
there is a saturated fusion system T = J^Soiio) which satisfies the following 
conditions: 

(a) Cj^{z) = .?^5(Spin7(g)) as fusion systems over S. 

(b) All involutions of S are -conjugate. 

Furthermore, there is a unique centric linking system C = Cg^i{q) associated 
to T. 

We have, in fact, found two errors in our proof of this theorem which we correct 
here. The more serious one is in [2, Lemma A. 10], which is not true as stated: 
the last sentence in its proof is wrong. This has several implications on the 
rest of our construction, all of which arc systematically treated here. There is 
also an error in the statement of [2, Lemma 2.8(b)] which is corrected below 
(Lemma 1.9). 

We first state and prove here a corrected version of [2, Lemma A. 10], and 
then state a modified version of the main technical proposition, [2, Proposition 
1.2], used to prove saturation. Afterwards, we describe the changes which are 
needed in [2, Section 2] to prove the main theorem. In table 1, we list the 
correspondence between results and proofs in [2, Section 2] and those here. 
This is intended as a guide to the reader who is not yet familiar with [2], and 
who wants to read it simultaneously with this correction. 

The only difference between [2, Lemma A. 10] and the corrected version shown 
here is that in [2] , we claimed that the "correction factor" Z must lie in a certain 
subgroup of order 2 in SL^{l,/2^) , which is definitely not the case. Also, for 
convenience, we state this lemma here for matrices over the 2-adic integers Z2 , 
instead of for matrices over the finite rings 1^/2^ . 

Lemma 1.3 (Modified [2, Lemma A. 10]) Let Ti and T2 be the two maximal 
parabolic subgroups of GL^{2) : 

Ti = GLl{Z/2) = {{aij) G GLs{2) \ asi = a^i = O} 
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Reference in [2] 


Reference here 


Remarks 


Proposition 1.2 


Proposition 1.4 


more general statement 


Theorem 2.1 


Theorem 1.2 


unchanged 


Definition 2.2, Lemma 2.3 




unchanged 


Definition 2.4 




omit definition of r„ 


Prp. 2.5, Def. 2.6, Lem. 2.7 




unchanged 




Lem. 1.5, Prp. 1.6 


added 




Definition 1.7 


new definition of r„ 




Lemma 1.8 


added 


Lemma 2.8 


Lemma 1.9 


(b) restated. 






new proofs of (b), (e) 


Proposition 2.9 


Proposition 1.10 


partly new proof 


Lemma 2.10 


Lemma 1.11 


partly new proof 


Proposition 2.11 


Proposition 1.12 


partly new proof 



Table 1 



and 

T2 = GLl{Z/2) = {{uij) G GL3(2) | asi = 032 = O}. 

Set To = Ti n T2 : the group of upper triangular matrices in GL^(2) . Assume, 
for some k > 2, that 

in: Ti >SL^{Z2) 

are Ufts of the inclusions Ti > GL^{2) = SL^{2) (for i = 1,2) such that 

A*i|to = A*2|ro- Then there is a homomorphism 

ix: GLz{2) >SL^{%), 

and an element Z G ^ sLziii)^^'^^'^^ '' ^^^^ = /^i? s-nd /h|t2 = C2°A*2- 

Proof By [1, Lemma 4.4], there is a lifting iJ,':j3L3{2) s- SL^i^) of the 

identity on GL^{2); and any two liftings to SL^iWj2) of the inclusion of Ti or of 
T2 into GL^{2) differ by conjugation by an element of S'L3(Z2). In particular, 
there are elements Z\,Z2 G SLzi^i) such that \ii = cz^ o/^'lTi i^^^ i = 1)2). 
Set fi = czi o n' , and Z = ZiZ^^. Then /xi = fi\Ti , and fi\T2 = cz o ^2- Since 
A*i|to = M2|ro) conjugation by Z is the identity on Hi{To) = iJ.2{To), and thus 

Whenever G is a finite group, S G Sylp(G), Sq < S , and F < Aut(S'o), then 

(^5(G);^5o(r)) 
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denotes the smallest fusion system over S which contains all G-fusion, and 
which also contains all restrictions of automorphisms in F. In other words, if 
denotes this fusion system, then for each P,Q < S, Homjr(-F*, Q) is the set 
of all composites 

P = Po^Pi^P2 — > .p,_i^p, = g, 



where for each i, Pi < S, and either (fi £ Home {Pi-i, Pi) , or (if Pi-i,Pi < So) 
= V'i|Pi-i for some tpi^T such that V'il-Pi-i) = Pi- 

Whenever G is a finite group and S G Sylp(G), an automorphism ip G Aut(S') 
is said to preserve G -fusion if for each P,Q<S and each a G Iso(P, Q), 
a G Isog(P, Q) if and only if (pa(p~^ G Isog((/7(P), (p{Q)) ■ The proof of Theorem 
1.2 is based on the following proposition. 

Proposition 1.4 (Modified [2, Proposition 1.2]) Fix a finite group G, aprime 
p dividing \G\, and a Sylow p-subgroup S G Sylp(G). Fix a normal subgroup 
Z <\ G of order p, an elementary abelian subgroup U <\ S of rank two con- 
taining Z such that Cs{U) G Sylp{CG{U)), and a group F < Aut{Cs{U)) of 
automorphisms which preserve all Cg{U) -fusion, and such that '){U) = U for 
all 7 G r. Set 

So = Cs{U) and = {J^s{Gy,J'so (T)), 

and assume the following hold. 

(a) All subgroups of order p in S different from Z are G-conjugate. 

(b) r permutes transitively the subgroups of order p in U . 

(c) {<per\^{Z) = Z} = Autr,^^u){Csm- 

(d) For each E < S which is elementary abelian of rank three, contains U, 
and is fully centralized in J^s{G), 

{a G Aut:p{Cs{E)) \ a{Z) = Z} = AutG{Cs{E)). 

(e) For all E,E' < S which are elementary abelian of rank three and contain 
U , if E and E' are T -conjugate, then they are G-conjugate. 

Then T is a saturated fusion system over S . Also, for any P < S such that 
Z <P, 

{if G Hom^(P, S) I ip{Z) =Z} = RomciP, S). (1) 
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This proposition is shghtly more general than [2, Proposition 1.2], in that F 
is assumed only to be a group of automorphisms of Cs(U) which preserves 
Cg(C^) -fusion, and not a group of automorphisms of Cg{U) itself. This extra 
generality is necessary when proving that the fusion systems J^soi{q) : under our 
modified construction, are saturated. The changes needed to prove this more 
general version of [2, Proposition 1.2] are described in Section 2. 

Proposition 1.4 is applied with G = Spmj{q), Z = Z{G), and S € Syl2(G), 
U < S, and F < Aut(CG(?7)) to be chosen shortly. The error in [2] arose in 
the choice of F , as will be explained in detail below. 

We first recall some of the definitions and notation used in [2]. Throughout, 
we fix an odd prime power q, let Fg be a field with q elements, and let Fg be 
its algebraic closure. We write SL2{q^) = SL2{¥q), Spin7(g^) = Spin7(Fg), 
etc., for short. For each n, ip'^ denotes the automorphism of Spin7((j'°°) or of 
SL2{q°°) induced by the field isomorphism (x i— > x*^"). We then fix elements 
z,zi G Spin7(g) of order 2, where {z) = Z{SpmY{q)) , set U = {z,zi), and 
construct an explicit homomorphism 

u: SL2{q°°f ^ Spin7(g°°) 

such that 

Im(a;) = Cspin^^qoo^iU) and Ker(a;) = ((-/, -/)). 

Write 

H{q°°) u{SL2iq°°f) = Cspin,(,oo)(C/) and [Xi, ^2, X3] = a;(Xi, X2, X3) 
for short. In particular, 

z = 11,1,-1} and z, = 1-1,1,11 

and thus 

U = {l±I,±I,±Ij} 

(with all combinations of signs). By [2, Lemma 2.3 &i Proposition 2.5], there is 
an element r € ^Spm^{q)(^) order 2 such that 

r-[[Xi,X2,X3]]-T-i = lX2,Xi,Xs} 

for all Xi,X2,X3 e SL2{q°°), and such that 

A^Spin,(,c^)(C/) = i?(g°°)-(r). 

We next fix elements A,Be SL2{q) of order 4, such that {A, B) = Qs (a 
quaternion group of order 8). Most of the following notation is taken from [2, 
Definition 2.6]. We set 

1=[A^,^]] and B = lB,B,Bl, 
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C(g~) = {Xe CsL,(qoo){A) I X^' = I, some A;} ^ Z/2~; 

and 

Here, Z/2°° means a union of cyclic 2-groups Z/2"' for all n; equivalently, the 
group Z[^]/Z. We then define 

= u{C{q°°f) ^ (Z/2~)^ 

= So{qn-{r) < H{q°°).{T) < Spm^{q^). 

In all cases, whenever a subgroup Q{q°°) < Spin7(g°°) has been defined, we set 

e(g") = e(g°°)nSpin7(g«). 

Since Spin7(g") is the fixed subgroup of acting on Spin7(g°°) (cf. [2, 
Lemma A.3]), H{q^) < H{q°°) is the subgroup of all elements of the form 
lXi,X2,xJi, where cither X,, € 5L2(g") for each i, or = -Xi for 

each i. By [2, Lemma 2.7], for all n, 

S{q^) e Syl2(Spin7(g-)). 

The following lemma is what is needed to tell us how to choose a subgroup 
r„ < Aut(5o(g")) so that the fusion system (^5(-qn)(Spiny(g"));^5(,(gn)(r„)) is 
saturated. Note that since each element of C{q°°) has 2-power order, it makes 
sense to write X"" € C{q°°) for X G C{q°°) and u G Z2. 

Lemma 1.5 Assume a G Aut{A{q°°)) centralizes Auts(^qoo^{A{q°°)) . Then a 
has the form 

a([Xl,X2,X3I) = [Xl^X2^X3l 

for some u,v E (Z2)*. 
Proof Set 

Ao = Auts(qoa){A{q°°)) = {CIB,!,!}, ClI^BJji CiI,I,Bji Cr) 

for short. The second equality follows since S{q'^) is by definition generated 
by A{q^) and the four elements listed. Set 

^1 = (z,zl,l)-c2^ 

the 2-torsion subgroup in A{q'^). The image of Aq < Aut{A{q'^)) in the 
group Aut(Ai) = GL^{2) (the image under restriction) is the group of all 
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automorphisms which leave (z) and U = {z,zi) invariant (ie, the group of 
upper triangular matrices with respect to the ordered basis {z,zi,A}). 

By assumption, [a, Aq] = 1, and in particular, aA^a^^ = Aq. Since each 
element of Aq sends U to itself, this means that each clement of Aq also sends 
a{U) to itself. Also, U is the only subgroup of rank 2 left invariant by all 
elements of Aq (since Aq contains all automorphisms which leave (z) and U 
invariant), and hence a{U) = U . 

It follows that a induces an automorphism a' of A{q°°)/U = {C{q°°) / { — I)Y . 
Also, a' commutes with the following automorphisms of {C{q°°)/{ — I))^: 

iYi,Y2,Y3) ^ iY,^\Y^^\ y3±i) and (Yi, Fs, I3) ^ (^2, ^i, i^a) 

since these are induced by automorphisms in Aq. Hence a' has the form 
a'{Yi,Y2,Ys) = {Y^,Y^,Y^) for some u,v e (Z2)*. Thus for all Xi,X2,Xs G 

a{lXi,X2,X^l) = l±Xl,±X^,±X^l 

Since all elements of C{q^) are squares, these signs must all be positive, and 
a has the form a( [Xi , X2 , X3 J = [X^ ,X^,X^l. □ 

For each u G (^2)*) let G Aut(A{q°^)) be the automorphism 

5„([Xi,X2,X3l) = [Xi,X2,X3«]. 

Define 7,7^ € Aut{A{q°°)) by setting 

7([[Xi, X2, Xal) = iXs, Xi, X2I and 7„ = SujS-\ 

Proposition 1.6 There is an element u G Z2 such that u = l (mod A), and 
such that the subgroup < Aut(y4(g°°)) given by 

Uu =^ ( Autspin,(5-)(A(g°°)),7«) 

is isomorphic to C2 x GL^{2). Furthermore, the following hold: 

(a) The subgroup of elements of 0„ which act via the identity on all 2-torsion 
in A{q°°) has order 2, and contains only the identity and the automor- 
phism (g g~^)- 

(b) For each n> 1, 

( Autspin,(5n)(^(g")),7«) = C2 X GL3(2). 
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Proof For each A; > 1, let < A{q°°) denote the 2*^-torsion subgroup. In 
particular, 

Ai = {z, zi,A)^Ci, where A = {A, A, Aj . 

Let i?i,i?2,-- - e C{q°°) ^ Z/2°° be elements such that Ri = -I, R2 = A, 
and = R,_i for all k>2. Thus, \Ri\ = 2* for all i. For each A; > 1, let 

{r^^\r'^\r^^} be the basis of A^ defined by 

r't^ = lI,I,Rkl r^^^ = lRk,I,Il and r^^^ = {Rk+i, Rk+i, Rk+il 

In particular, r^^^^ = z, r^^ = zi, and r^^ = A. Using these bases, we identify 
Aut(Afe) = GL3(Z/2'=) and Aut{A{q°°)) = GLs{Z2). 

Set 

Ao = Aut5(goo)(A(g°°)), Ai = Autspin,(90o)(A((?°°)), and A2 = (Ao,7)- 
In particular, A2 is the group of all signed permutations 

for (7 G S3 . 

For each z = 0, 1,2 and each /c > 1, let A^'^^ < Aut(Afc) be the image of Aj 
under restriction. By [2, Proposition A.8], A^^^ = Autspin(^i) is the group of 
all elements of Aut(Ai) = GL'^{'Z,/2) which send z to itself. Also, Aq^^ was seen 
in the proof of Lemma 1.5 to be the group of all automorphisms of Ai which 
leaves both z and U = {z,zi) invariant; and a similar argument shows that 
A2^'' is the group of all automorphisms of Ai which leaves U invariant. Hence, 

with respect to the ordered basis {z,z\,A} of Ai, each group Aj-^"* < Aut(Ai) 
{i = 0, 1, 2) can be identified with the subgroup Tj < GL^{7j/2) of Lemma 1.3. 

By [2, Proposition 2.5], 

Cspin,(,^)(t/) = ^(^~) = (5L2(<Z°^)^)/((-/, -/,-/)). 

An element lXi,X2,Xz} € {Xi G SL2{q°°)) centralizes 1 =^ A, 

if and only if = 1 for each i, or XiAX~^ = —A = A^^ for each i. 

Set C = C5^2((?°°)(^) • This is an abelian group (the union of the finite cyclic 
groups CsL2{q")i^))i s-iid A^5i2(g°°)(^) = C-{B). Hence, since Ai = {U,A) 
and B = {B, B, Bj , we have 

Cspin,(,oc)(Ai) = CHi,^){A) = iu{C^y{B). (1) 
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Since co{C^) is abelian (thus centrahzes A{q°°)), this shows that the kernel of 

each of the projection maps Aj » A^^^ is generated by conjugation by B ; 

ie, by the automorphism {g ^ g~^) ■ 

Since each Aj is finite, their elements all have determinant of finite order in 
(Z2)*, hence are ±1 in all cases. Also, for each i, Aj surjects onto A-^^ = Tj 
with kernel generated by the automorphism (g 1-^ g~^) of determinant (— 1). 
Hence the elements of determinant one in A, are sent isomorphically to Tj , and 
define a lift 

Ti >SL^{Z2) 

with respect to the given bases. In particular, /xi|to = A*2|ro = A*o- 
For all i,j,k G (Z2)*, we define V'i,j,fe ^ Aut(^(g°°)) by setting 

^ij,fc([Xi,X2,X3l) = ixixlx^i 

for all lXi,X2,X^l G A{q^). Recall that c^([Xi, X2, X3I) = [[X2,Xi,X3l (by 
choice of r). Since Aq = k\its{qoo){A{q°°)) is generated by c^b,!,!}, C[7,b,7], 
C|7 7B], and Cr (corresponding to generators of S{q'^)/A{(f°)), has image 

Im(/xo) = Hi{To) = (V'-i,-i,i,V'i,-i,-i, Cr), 

where ^-1-1,1 = cib,b,i} and V'1,-1,-1 = C|7,b,b1 ■ 

By Lemma 1.3, there is a homomorphism 

fi: GLs{2) ^5L3(^2), 

and an element Z G Aut(^(g°°)) = GL^{2i2) which commutes with all elements 
of ^x\{Tq), such that jU|Ti = A*i and ii\t2 = cz o fj,2- By Lemma 1.5, Z = ipv,v,u 
(using the above notation) for some u,v & (Z2)*. Since ipv,v,v lies in the center 
of Aut(A((/°°)) (it sends every element to its v-th power), we can assume that 
V = 1 (without changing cz), and thus that Z = ipi,i,u = <^u- Finally, since 
6-1 = V'l,!,-! G Aq, we can replace (5„ by 6-u if necessary, and assume that 
u = l (mod 4). 

Under the identification GL3(Z2) = Aut{A{q°°)) , we now have 

Autspin,(,-)(>i(g"°)) = {g^ g-^) X M(ri) 

and 

lu = SujS-^ = Cz{i) = (( 1 |j 0)) ' 

where the matrix is that of with respect to the basis \ ^^2'^ , '^s^''}- Also, 
T\ is a maximal subgroup of GLj,(2) — the subgroup of invertible matrices 
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which send r-^ to itself — and so Ti together with this matrix generate GL3 (2) . 
Thus 

= (Autspin,(,oc)(A(g~)),7„) = {g^ x/x(GL3(2)) ^ 02X^^3(2). (2) 

This proves the first claim in the proposition. Point (a) follows by construction, 
since each nonidentity element of ii{GL^{2)) acts nontrivially on Ai. Point (b) 
follows from (2), once we know that each element of Spin7((3'") which normalizes 
Ai (hence which normalizes yl(g")) also normalizes A{q°°) — and this follows 
from (1). □ 

We are now in a position to define the fusion systems we want. Roughly, they 
are generated by the fusion systems of Spin7(g'^) together with one extra auto- 
morphism: the cyclic permutation [[Xi,X2,X3]] 1-^ [[X3,Xi,X2l] "twisted" by 
the automorphism 5u of the last proposition. By comparison, the construction 
in [2] was similar but without the twisting (ic, done with u = 1), and the 
resulting fusion system is, in fact, not saturated. 

We regard Q{q°°) = C(g°°)xi(i?) as an infinite quaternion group: BA'B~^ = 
A'~^ for each A' G C{q°°), and each clement of the coset C{q°°)-B has order 
4. Hence any automorphism of C{q°°) extends to a unique automorphism of 
Q{q°°) which sends B to itself. 

Definition 1.7 Let u G (Z2)* be as in Proposition 1.6. Let 

7 J« e Aut(So(g°°)) 

be the automorphisms 
and 

taXi,X2, A'B^) = lX,,X2,{ArBq 

for all Xi e Q{q°°), A' G C{q°°), and i,j G Z; and set % = SujS~^ G 
Aut{So{q°°)) . For each n > 1, set 

r„ = (Inn(5o(g")),c„7«) < Aut(5o(9")); 

and set 

= ^Sol(«") = (^5(,")(Spin7(g")),.;^5o(,")(rn)). 

In order to be able to apply Proposition 1.4, it is important to know that r„ 
is fusion preserving. This follows immediately from the following lemma. 
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Lemma 1.8 For each n>l, the automorphisms Cr,j,Su, and % all preserve 
H{q'')-{usion in Soiq""). 

Proof The fusion in SL2{q^) is generated by inner automorpliisms of its Sylow 
subgroup Q{q^) , together with the groups Aut(P) for subgroups P < Q{q^) 
isomorphic to Qs ■ This follows from Alperin's fusion theorem, since these are 
the only subgroups whose automorphism group is not a 2-group. Thus any 
automorphism of Q{q^) — in particular, the automorphism (pu defined by 
(Pu{A') = v4'", (pu{B) = B for A' e C{q'") — preserves fusion. 

Set i/o(^") = {lXi,X2,X3]] I X, e SL2{q''), Vi}. Fix a generator Y of C7(g2«); 
then C(g") = and = -Y . For each g = lXi,X2,Xs} e H{q''), 

[[V''?"(Xi),V''"(X2),i/^«"(X3)]] = [[Xi,X2,X3]]; and hence there is some fixed 
e = ±1 for which ^'^ (Xj) = e-Xj for i = 1,2,3. When e = 1, this means 
that Xi G SL2{q^) for each i; while if e = — 1 it means that Xj G SL2{q^)-Y 
for each i. So every element of H{q^) either lies in Ho{q'^), or has the form 
giY,Y,Yl for some 5GiJo(9")- 

Assume g G H{q"-) and P,Q < So{q"') are such that gPg~^ = Q. Clearly, 
P < Hoiq"-) if and only if Q < i/o(g") {Ho{q'') is normal in We claim 

that there is /i G H{q") such that 

h5u{P)h^^ = 5u{Q) and Ch o 5u\p = 5u o Cg\p . (1) 

Let Pi,Qi < SL2{(f'^) be the projections of P and Q to the i-th factor (i = 
1,2,3), and write g = [[Xi,X2,X3| (thus XiPiXr^ = Qi). Consider the 
following cases. 

(a) Assume g G Ho{q'^) and P,Q< HQ{q"'). Since tpu preserves fusion in 
5L2(^"), there is F3 e 5L2(g") such that Y:i<fu{P^)Y^^ = (puiQs) and 

CY3 o y'nlPs = V'm ° CX3 |P3 • Then h =^ [Xi, X2, Ys]] satisfies (1). 

(b) Assume g i Ho{q'') and P,Q < Ho{q''). Write g = g'iY,Y,Y^, where 
g' G Ho{q'^). Choose h' as in (a), so that (1) is satisfied with g, h replaced 
by g',h'. Then the element h = /i'-[[y, F, F"]] satisfies (1). 

(c) Finally, assume that P,Q ^ HQ{q^) . Then none of the subgroups Pj, Qi < 
SL2{q'^^) is contained in SL2{q^). By the same procedure as was used in 
(a), we can find h G Ho{q'^'^) which satisfies (1); the problem is to do this 
so that h G Hiq"^). 

As noted above, fusion in SL2{q'^^) is generated by inner automorphisms 
of Q{q^^^) and automorphisms of subgroups isomorphic to Qs- Hence if Pi 
is not isomorphic to Qs or one of its subgroups, then there is X- G Q{q^^) 
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such that cxi\pi = Cx'.\Pi- If, on the other hand, Pi (and hence Qi) is 
isomorphic to Qg or C4, then < {A,Y'''B) and Qi < {A,Y^B) for 

some odd r, s £ Z, and we can choose A; € Z such that X'- € Q{<1^^) 

has the same conjugation action as Xi. Thus in aU cases, we can write 
Xi = X[X'l for some X[ G Q(g2") and some X'l G C5i2(g2").(y)(^i)- 
The subgroups of Q{q'^"^) which are centrahzed by elements in the coset 
SL2{q^)-Y are precisely the cyclic subgroups. (The quaternion subgroups 
of order > 8 are all centric in SL2{q^^) .) Hence we can choose elements 
y/' as follows: y/' = 1 if Xf G SL2(g"), and F/' G 5L2(g")-y and 
centralizes ipu{Pi) if G SL2{q^)-Y . We now define 

= [[xi,x^,</.„(x^)]]-[[y/',y2",y3"i; 

then h G H{q^) and satisfies (1). 

This shows that 5u preserves i/(g")-fusion as an automorphism of So{q"^). 
Also, 7 and Cr preserve fusion, since both extend to automorphisms of H{q"-); 
and hence % = Su^S~^ also preserves fusion. □ 

Let ip = V'*" G Aut (Spiny (g°°)) be induced by the field automorphism x 
x^". By [2, Proposition A.9(a)], if < Spm'j{q"') is an arbitrary elementary 
abelian 2-subgroup of rank 4, then there is an element a G Spiny(g°°) such that 
aEa~^ = and we define 

xc{E) = a^^ip{a). 
Then xc{E) G E , and is independent of the choice of a. 

In the following lemma, we correct the statement and proof of points (b) and 
(e). The proof of (e) is affected by both the changes in the statement of (b) 
and those in the definition of r„ . 

Lemma 1.9 [2, Lemma 2.8] Fix n > 1, set E^ = {z,zi,A,B) < 5(g"), 
and let C he the Spin^ {q'^)-conjugacy class of E^. Let £^ be the set of all 
elementary abelian subgroups E < S{q'^) of rank 4 which contain U = {z,zi) . 
Fix a generator X G C{q^) (the 2-power torsion in CsL2(q'^){^) )} ^^d. choose 
Y G C(g2") such that Y'^ = X . Then the following hold. 

(a) E^ has type I. 

(b) Each subgroup in which contains A is of the form 

Eijk = {z, zi,A, IX' B, X^B, X'^SJ) or 

Eijk = {z, zi,A, IX'YB, X^YB, X'^YB^). 
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Each subgroup in is H^q"-) -conjugate to one of these subgroups E^j^ 
or E'-ji^ for some i,j,keZ. 

(c) xc{E,j,) = li-iy, i-iy, {-in ^nd xc{E'..^) = li-iy, {-ly, {-m-A. 

(d) All of the subgroups E'-f^ have type II. The subgroup Eijk has type I if 
and only if i = j (mod 2), and lies in C (is conjugate to E^,) if and only if 
i = j = k (mod 2). The subgroups Eqqq, Eqqi. and Eiqq thus represent 
the three conjugacy classes of rank four elementary abelian subgroups of 
Spiny (g") (and E^ = Eqqo). 

(e) For any G r„ < Aut(5o(g")) and any E e SY , (p{xc{E)) = xc{(p{E)) . 

Proof We prove only points (b) and (e) here, and refer to [2] for the proofs of 
the other points. 

(b) Assume first that A ^ E; ie, that E > Ai = {z,zi,A). By definition, 
S'(g"') is generated by ^(g") , whose elements clearly centralize Ai ; and elements 
B^jB'^^ for k G {0, 1}. Since an element of this form centralizes A only 
a i = j = k, this shows that 

E<Csi,n){{z,zi,A)) = A{q^y{B). 

Since A{q"-) is a finite abelian 2-group of rank 3, we have E = {z,zi,A,gB) 
for some g G Also, 

= uiCiq^f) n Spm,{q^) = {IX\X\X% lX%X^Y,X''Yj \ fc G Z}, 
and hence E = Eijk or E'-jj^ for some i,j,kEZ. 

Now let £^ G £"1^ be arbitrary. Each element of E has the form [[Xi,X2,X3|, 
where cither Xi G SL2(q") for all i, or Xi G SL-2{q^)-Y for all i - and the 
elements of the first type [Xi G SL2{q^)) form a subgroup of index at most 2. 
Since U has index 4 in this means that there is some g = \Xi,X2,X^\ G 
E\U for which Xi G SL2{q^) for ah i. Also, \Xi\ = 4 for all i, since g ^ 
U = {[[lb/, ibl, zb/J} . Since all elements of order 4 in SL2{q^) are conjugate 
(cf. [4, 3.6.23]), this implies that g is i/(g") -conjugate to A, and hence that 
E is //(g") -conjugate to one of the above subgroups Eijk or E[-^. 

(e) By construction, xc{—) is preserved under conjugation by elements of the 
group Spiny (g"). Since r„ is generated by 7^ and conjugation by elements of 
Spiny(g"'), it suffices to prove the result when = 7^. Since u = \ (mod 4) by 
Proposition 1.6, %{A) = A, %{Eijk) = Ek'^i'j', and %{E'-ji^) = E'^„^-„j„ for 
some i' = i" = i (mod 2), and similarly for the other indices. Hence by (c), 
^u{xc{E)) = xc{%{E)) whenever E = E^jk or E = E'--f^ for some i,j,k eZ. 
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Now assume E E SY is not one of the subgroups Eij^ or E'-jj^ . By (b) , there 

is g E H{q"') such that E' =^ gEg~^ is of this form. Since % preserves 
i?(g")-fusion by Lemma 1.8, there is ^ G H{q"') such that the following square 
commutes: 

E %{E) 

Cg Ch 

E'^%{E'). 

We have seen that ^u{xc{E')) = xcisfuiE')); and also that Cg and preserve 
xc{—)- Hence ^u{xc{E)) = xc{^u{E)) by the commutativity of the square. □ 

The following is the crucial result needed to apply Proposition 1.4. The state- 
ment is exactly the same as that in [2] , but the proof has to be modified slightly 
due to the changed definition of r„ (hence oi J^n)- 

Proposition 1.10 [2, Proposition 2.9] Fix n > 1. Let E < ^(g") be an ele- 
mentary abelian subgroup of rank 3 which contains U , and such that Cs(qn^{E) 
^ ^yh{Cspuiy{q")(.E)) . Then 

{ip e Aut^„{Cs(qn){E)) I ^{z) = z} = Autspin,(gn)(C5(g„) (£;)). (1) 
Proof Set 

Spin = Spin7(g"), S = F = r„, and = J^n 

for short, and consider the subgroups 

Ro = i?o(g") = A{q'^) and i?i = ""^^ Cs{{U, A)) = (i?o, B). 

Then 

Rq ^ {C2kf and i?i = i?o XI (B), 

where 2*^ is the largest power which divides ± 1, and where B = IB,B,B'^ 
has order 2 and acts on Rq via {g g~^)- Also, 

{U, A) = ±1, ±11 lA, A, AJ) ^ Cl 

is the 2-torsion subgroup of Rq. It was shown in the proof of [2, Proposition 
2.9] that 

Rq is the only subgroup of S isomorphic to {C2k)^ ■ (2) 

Let £■ < S" be an elementary abelian subgroup of rank 3 which contains U , 
and such that Cs{E) € Syl2(Cspin(-E)) . There are two cases to consider: that 
where E < Rq and that where E ^ Rq. 
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Case 1 Assume E < Rq. Since Rq is abelian of rank 3, we must have 
E = {U,A), the 2-torsion subgroup of Rq, and Cs{E) = Ri. Also, by (2), 
neither Rq nor Ri is isomorphic to any other subgroup of S; and hence 

Autjr{Ri) = (Autspin(i?i), Autr(i?i)) = (Autspi„(-Rj), 7«Ui> for i = 0, 1 . 

(3) 

(Recall that Autr(-Ri) is generated by Auts^(^gn^{Ri) and the restrictions of 
and 7u.) Hence by Proposition 1.6(b), 

Aut^(i?o) = <Autspin(i?o),7«|Ro> = C2 X GL3(2). 

In other words, if we let Ai = {z,zi,A) denote the 2-torsion subgroup of Rq, 
then restriction to Ai sends Aut^(i?o) onto Aut(Ai) with kernel {eg) of order 
2. Since Autspin(^i) is the group of all automorphisms of Ai which send z to 
itself [2, Proposition A. 8], this shows that 

Autspin(i^) = {<pe Aut^(i?o) I <p{z) = z}. (4) 

In the proof of [2, Proposition 2.9] (see formula (5) in that proof), we show the 
first of the following two equalities: 

Autspin(i?i) = Inn(i?i)-{(^ G Autspin(i?i) | ^0) = B} 

= lnn{Ri)-{ip G Aut(i?i) | ip{B) = B, (^U,, £ Autspi„(i?o)}- (5) 

The second equality holds since Ri = (Rq/B), and since Rq is the unique 
abelian subgroup of i?i of index 2. Since 7u(-Ro) = Ro and ju{B) = B, this, 
together with (3), shows that 

Aut^(i?i) = Inn(i?i)-{99 G Aut(i2i) | ip{B) = B, ^p\n^ G Aut^(i2o)}, 

and hence that 

{(f e Autjr{Ri) I (p{z) = z} 

= lnn{Ri)-{ip G Aut(i?i) | ip{B) = B, if{z) = z, ifln,, G Aut^(i?o)} 

= Inn(i?i)-{vp G Aut(i?i) | ip{B) = B, ip\j^ G Autspi„(i?o)}, (6) 

where the second equality follows from (4). If 99 G Aut(i?i) is such that 
ip{B) = B and ^p\ro = Cxluf) for some x G iVspin(-Ro)) then x normalizes 
Ri (the centralizer of the 2-torsion in Rq), Cx{B) = Cy{B) for some y & Ri = 
Ro-{B) by (5), so we can assume y E Rq. Since Rq = A{q°°) is abelian 
(so [y,Ro] = 1), this implies Cy-i^lRi = ^p, and hence ip G Autspin(^i). So 
{ip G Aut:F(-Ri) I fiz) = z} < Autspin(-Ri) by (6), and the opposite inclusion is 
clear. 
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Case 2 Now assume that E ^ Rq. By assumption, U < E (hence E < 
Cs{E) < Cs{U)), and Cs{E) is a Sylow subgroup of Cspi„(S). Also, E 
contains an element of the form g-^B^, , B^'^ for g & Rq = A{q"-) and some 
i,j,k not all even, and hence A{q"') ^ Cs{E). Hence by (2), Cs{E) is not 
isomorphic to R\ = Cs{{z, zi,A)) , and this shows that E is not Spin-conjugate 
to {z,zi,A). By [2, Proposition A. 8], Spin contains exactly two conjugacy 
classes of rank 3 subgroups containing z . and thTis E must have type II. So by 
[2, Proposition A. 8(d)], Cs{E) is elementary abclian of rank 4, and also has 
type XL 

Let C be the Spin7(g"')-conjugacy class of the subgroup E^ = {U,A,B) = Cl, 
which by Lemma 1.9(a) has type I. Let £' be the set of all subgroups of S which 
are elementary abelian of rank 4, contain U , and are not in C. By Lemma 

L9(e), for any (p G Isor{E',E") and any E' G S' , E" =^ ip{E') G £' , and ip 
sends xe{E') to xe{E"). The same holds for tp G lsospin{E' , E") by definition 
of the elements xc{—) ([2, Proposition A. 9]). Since Cs{E) G £' , this shows 
that all elements of Aut:f{Cs{E)) send the element xc{Cs{E)) to itself. By [2, 
Proposition A. 9(c)], Autspin(C'5'(£')) is the group of automorphisms which are 
the identity on the rank two subgroup {xc{C s{E)) , z) ; and (1) now follows. □ 

The proof of the following lemma is essentially unchanged. 

Lemma 1.11 [2, Lemma 2.10] Fix n > I, and let E,E' < S{q"-) be two 
elementary abelian subgroups of rank three which contain U , and which are 
Tn-conjugate. Then E and E' are S^ui'j^q^) -conjugate. 

Proof Consider the sets 

Ji = {XG5L2(g")|x2 = -/} 

and 

J2 = e 5L2(r?2") I r\X) = -X, = -/}. 

Here, as usual, is induced by the field automorphism {x i— >■ a;'^"). It was 
shown in the proof of [2, Lemma 2.10] that all elements in each of these sets 
are S'L2(q') -conjugate to each other. 

Since E and E contain [/, E,E' < Cspij^^(^qn^{U) . By [2, Proposition 2.5(a)], 

Cspin,(,")(f/) = Hiq^) co{SL2{q°° f) n Spin.iq^). 

Thus 

E = {z,zi,lXi,X2,X3j) and E' = {z,zi,lX[,X!„X!,j), 
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where the Xi are all in J'l or all in J2 , and similarly for the X'- . Also, E and E' 
are r„-conjugate, and each element of r„ leaves U = {z, zi) and uj{SL2{q"'Y) 
invariant. Hence either E and E' are both contained in u){SL2{q^)^) ■, in which 
case the Xi and X[ are all in Ji] or neither is contained in a;(5'L2((?")^) , in 
which case the X^ and X[ are all in J2. This shows that the Xi and X[ are 
all S'L2(g")-conjugate, and so E and E' are Spin7(q'")-conjugate. □ 

We are now ready to prove: 

Proposition 1.12 [2, Proposition 2.11] For a fixed odd prime power q, let 
Siq"") < S{q°°) < Spin7(g~) be as deGned above. Let z G Z(Spin7(g~)) be 
the central element of order 2. Then for each n, J^n = -^Soi(<?") saturated as 
a fusion system over S{q'^) , and satisfies the following conditions: 

(a) For all P,Q < S{q"') which contain z, if a G Hom(P, Q) is such that 
a{z) = z, then a G Hom^^(P, Q) if and only if a G Homgpin^(5n)(P, Q) ■ 

(b) Cj^^{z) = .7^5(^71) (Spin7(qi")) as fusion systems over ^(g"). 

(c) All involutions of S{q'^) are Tn-conjugate. 

Furthermore, Tm ^ for m\n. The union of the Tn is thus a category 
^So\{q°°) whose objects are the finite subgroups of S{q°^) . 

Proof We apply Proposition 1.4, where p = 2, G = Spiny(g"), S = ^(g"), 
Z = {z) = Z{G), U = {z,z,), Cg{U) = H{q^), So = Cs{U) = So{q^), and 
r = r„ < Aut(5o). By Lemma 1.8, 7„ preserves //(q'") -fusion in Sq. Since 
r is generated by 7„ and certain automorphisms of H(q"'), this shows that all 
automorphisms in T preserve if ((/") -fusion. 

Condition (a) in Proposition 1.4 (all nonccntral involutions in G are conju- 
gate) holds since all subgroups in £2 are conjugate ([2, Proposition A. 8]), and 
condition (b) holds by definition of F. Condition (c) holds since 

{7 G r I 7(^) =z} = Inn(5o(g"))-(c.) = Aut^,^(t/)(5'o((z")) 

by [2, Proposition 2.5(b)]. Condition (d) was shown in Proposition 1.10, and 
condition (e) in Lemma 1.11. So by Proposition 1.4, J^n is a saturated fusion 
system, and Cj^„{Z) = J^s(gn)(Spin7(g")). 

The proofs of the other statements remain unchanged. □ 
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In Section 3 of [2], these corrections affect only tfie proof of Lemma 3.1. In 

that proof, the groups -Eioo ^ind £"001 are not Fi -conjugate under the new 
definitions; instead £^100 is Ti-conjugate to a subgroup which is Spin7(g)- 
conjugate to £^001 (and hence the two are .^-'-conjugate). Also, when showing 
that Aut^(£^ooi) is the group of all automorphisms which fix z = xc(-Eooi)) 
it is important to know that all Fi -isomorphisms between subgroups in that 
conjugacy class preserve the elements xc{—) (as shown in Lemma 1.9(e)), and 
not just that Fi -automorphisms of £^001 do so. 

The changes do not affect the later sections. Just note that we are able to 
consider Tso\{q"') as a subcategory of Tsoi{q''^) for A; > 1, because they were 
both chosen using the same "correction factor" u G (Z2)* in the definitions of 
F„ and F^n- 

2 Proof of Proposition 1.4 

Proposition 1.4 follows from Lemmas 1.3, 1.4, and 1.5 in [2], once they are 
restated to assume the hypotheses of this new proposition, and not those of [2, 
Proposition 1.2]. The only one of these lemmas whose proof is affected by the 
change in hypotheses is Lemma 1.4, and so we restate and reprove it here. 

Lemma 2.1 Assume the hypotheses of Proposition 1.4, and let 

be the fusion system generated by G and F. Then for all P,P'<S which 
contain Z, 

e Hom^(P, P') I ip{Z) = Z} = HomG(P, P'). 

Proof Upon replacing P' by ^{P) < P' , we can assume that (p is an isomor- 
phism, and thus that it factors as a composite of isomorphisms 

where for each i, (pi G IIomG'(Pj_i, Pj) or ipi € Homr(Pi-i, Pj) . Let Zi < Z{Pi) 
be the subgroups of order p such that Zq = Z^ = Z and Z^ = ipi{Zi-i). 

To simplify the discussion, we say that a morphism in !F is of type (G) if it is 
given by conjugation by an clement of G , and of type (F) if it is the restriction 
of an automorphism in F. More generally, we say that a morphism is of type 
{G, F) if it is the composite of a morphism of type (G) followed by one of type 
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(r), etc. We regard Idp, for all P < S, to be of both types, even if P ^ ^q. 
By definition, if any nonidentity isomorphism is of type (F) , then its source 
and image are both contained in Sq = Cs{U). In particular, if Pj ^ Sq for 
any < i < k, then ipi and tpi+i are both of type (G) , and we can remove it 
and replace the two morphisms by their composite. We can thus assume that 
[Pi, U] = l for all <i < k, and hence that Zi < Z{PiU) for all i. 

For each i, using [2, Lemma 1.3], choose some ipi G Homjr(Pjf^, "S") such that 
^i{Zi) = Z . More precisely, using points (1) and (2) in [2, Lemma 1.3], we 
can choose ipi to be of type (F) \i Z^ < U (the inclusion if Z^ = Z), and to 
be of type {G,T) \i Zi^U. Set P[ = tpi{Pi). To keep track of the effect of 
morphisms on the subgroups Z^, we write them as morphisms between pairs, 
as shown below. Thus, tp factors as a composite of isomorphisms 

{PUz) (P^-i,^i-i) iPi,Zi) {Piz). 

If (pi is of type (G), then this composite (after replacing adjacent morphisms 
of the same type by their composite) is of type (F, G, F) . If (pi is of type (F) , 
then the composite is again of type (F,G, F) if either < U or Zi < U, 

and is of type (F,G, F,G, F) if neither nor Zi is contained in U. So we 

are reduced to assuming that tp is of one of these two forms. 

Case 1 Assume first that ip is of type (F, G, F) ; ie, a composite of isomor- 
phisms of the form 

(P0,Z) ^ (Pi,Zi) {P2,Z2) {Ps,Z). 

(r) (Ci) (r) 

Then Zi = Z if and only if Z2 = Z because (p2 is of type (G) . If Zi = Z2 = Z , 
then (pi and (ps are of type (G) by Proposition 1.4(c), and the result follows. 

If Zi / Z / Z2, then U = ZZ\ = ZZ^-, and thus 'p^iJJ) = ^ ■ Neither ipx 
nor (/?3 can be the identity, so Pi < = Cs{U) for all i by definition of 
Homr(— , — ). Let 71,73 G F be such that ipi = 7j]p,_i , and let g G Ng{U) be 
such that ip2 = Cg. Then gCs{U)g~^ G SylpiCciU)) , so there is h e Cg{U) 
such that hg G N{Cs{U)) . Then Chg G F by Proposition 1.4(c). 

Since 73 preserves Gg([/) -fusion among subgroups of ^o, there is g' G Cg{U) 
such that Cgf = 73 ° o 73"^ . Thus (p is the composite 

D n '''19 I, r> L-l T3 



Pi — ^ hP2h-^ 73{hP2h-^) — ^ P3. 

(r) (r) (r) (G) 

The composite of the first three isomorphisms is of type (F) and sends Z to 
g'~^Zg' = Z , hence is of type (G) by Proposition 1.4(c) again, and so ip is also 
of type (G). 
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Case 2 Assume now that is of type (F, G, T, G, T) ; more precisely, that it 
is a composite of the form 



(r) 



{Pi,Zi 



(G) 



(r) 



if 4, 



(G) 



(r) 



where ^2,-^3 ^ U. Then Z\^Z/^ < U and are distinct from Z, and the 

groups -Pi) -Rii -P5 cill contain U since 991 and 995 (being of type (F)) leave 
[/ invariant. In particular, P2 and P3 contain Z, since Pi and P4 do and 
(/?2,¥'4 are of type (G). We can also assume that U < P2,P3, since otherwise 
P2 n ?7 = 2" or P3 n [/ = Z, ips{Z) = Z, and hence (^3 is of type (G) by 
Proposition 1.4(c) again. Finally, we assume that P2,P3 < So = Cs{U), since 
otherwise (^3 = Id. 

Let Ei < Pi be the rank three elementary abelian subgroups defined by the 
requirements that E2 = UZ2, E3 = UZ^, and ipi{Ei-i) = Ei. In particular, 
Ei < Z{Pi) for i = 2,3 (since Zi < Z{Pi), and U < Z{Pi) by the above 
remarks); and hence Ei < Z{Pi) for all i. Also, U = ZZ4 < ipi{E^) = E4 since 
^4{Z) = Z, and thus U = ^^{U) < E5. Via similar considerations for £^0 and 
El , we see that U < Ei for all i . 

Set H = Cg{U) for short. Let £^3 be the set of all elementary abelian subgroups 
E < S oi rank three which contain U , and let £^ C £^ be the set of all E & £3 
such that Cs{E) e SylpiCciE)). Then for all E eS3, 

Cs{E) = Cs,{E) and Cg{E) = Ch{E) 

since E > U (and Sq = Cs{U)). Thus £^ is the set of all subgroups E € £3 
which are fully centralized in the fusion system J^So [H) , and so each subgroup 
in £3 is -conjugate to a subgroup in . 

Let 71,73,75 £ F be such that ipi = 7i|pi_i for odd i. Let g2, 94 & G he such 
that (fi is conjugation by gi for i = 2,4. We will construct a commutative 
diagram of the following form 

(Po,Eo) ^ (Pi,Si) ^ (P2,^2) ^ (P3,^3) ^ {Pa,E4) ^ {P5,E,) 



{CiE'^ ^ {C[,E[) iC'2,E'2) ^ {C',,E',) ^ {C'4,E',) ^ {C'„E',) 



where E'^ G £"3*, = Cs{E[), /i2,/i4 e G, and G 
first choose Oq, 04 € if such that E[ =^ o-'iEia[ 



-1 G ^3* for i 



Cg{U). To do this, 
0, 2, 4, and set 
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E'i = 7i(^i-i) for i = 1,3,5. Then Cs{E^) = -fi{C s{E[_^)) for i = 1,3,5, so 
CsiE'f^) G Sylp{CH{E^)) and E'- G £* for all z. So we can choose xq G Ch(£^o) 
such that xo(aoPoao~^)^o ^ — Cs{E'q), and set ag = x^a'^ G Since 71 G 
Aut(5o) preserves -fusion, there is ai G .ff which makes the first square in 
the above diagram commute. Now choose X2 G Ch{E'2) such that 

^2((a'252ar')C5(^;)(a'252a^^)-i)x2-^ < CsiE'^), 

and set 02 = 0:202 and /12 = a2g20'i^ ■ Upon continuing this procedure we 
obtain the above diagram. 

Let ^ G IsojriCsiE'o), Cs{E'^)) be the composite of the morphisms in the bot- 
tom row of the above diagram. Then (p{Z) = Z, since ip and the Ca- all 
send Z to itself. By Proposition 1.4(e), the rank three subgroups E[ are all 
G-conjugate to each other. Choose g £ G such that gE'r^g~^ = E'q. Then 
g-Cs{E'^)-g~^ and Cs{E'q) are both Sylow p-subgroups of Cg{Eq), so there is 
h G Cg{E'q) such that {hg)Cs{E'^){hg)'^ = Cs{E'q). By Proposition 1.4(d), 
Chg ° 'f G Autjr(C5(£'o)) is of type (G), so tp is of type (G), and hence 
if = o ip o is also of type (G) . □ 
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